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I.1.1

Introduction

During this half-period of the QSHA project, a tool has been designed for simulating seismic
wave propagation in 3D structures including water layer. While many softwares exist for
seismic wave propagation, few can handle with fair precision both the solid and liquid areas
with interaction and feedback. This is the purpose of the development of this tool.
The estimation of the ground motion is the key target of the seismologist for estimating
seismic hazard. This is essential to provide the most accurate and quantitative estimation to
engineers for building designs in order to sustain this ground motion and to reduce effects of
the ground shaking by earthquakes. In order to do so, this estimation could envelop any
expected ground motion the area may suffer. Up to now, this estimation is based on quite
simple attenuation laws related to geometrical spreading in simple propagating media. These
laws are calibrated for each selected zone and will depend on the geological context of the
zone. As seismic records increase because of new earthquakes, variability of amplifications
observed during seismic crisis could not be explained easily by these simple laws (Berge et al,
2003). We must improve our estimation of the propagation effects aside the improvement of
source estimation by combining different approaches. The statistical approach is based on
probabilistic arguments always necessary as our knowledge of the medium will always be
limited. The deterministic approach we are very concerned about in this work and related to
effects of topography, sedimentary layers, basin amplifications (Virieux et al, 2007) will
require the definition of the medium as well as the specification of the source. The third
approach is based on empirical methodology with already recorded signals for small
earthquakes which could be used for the estimation of ground motion for a bigger earthquake
without knowing the medium properties.
As the information about the medium increases with better constrains for the underground
properties, it is possible to perform numerical simulations which allows an appreciation of
amplifications and attenuations of the seismic ground motion for a specified earthquake. This
approach starts to attract interest and to provide pertinent information, as for California with
the Los Angeles Basin (e.g. Komatitsch et al., 2004; Cotton et al., 1998; Wald and Graves,
1998; Bielak et al., 1999; Olsen et al, 1999). The upper frequency is of the order of 1 Hz to 2
hz for propagations over few hundreds of kilometres, frequency limitation related to our
incomplete knowledge of the medium where waves propagate.
It is possible to perform simulations as well for more local structures as those encountered in
the French Riviera zone which encounter a seismic activity quite permanent for an area away
from tectonic boundaries with high contrasts in topography and bathymetry. This shape of the
solid interface is related to a complex tectonic which leads as well to depth and lateral
variations of the seismic velocities. The seismic activity is related to the Alpin Arc and to the
Ligurian Sea. We shall focus our interest on the ground motion estimation around the Nice
city as its seismic records show that various earthquakes have occurred in the past with
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epicentral intensity (MSK) between VII and VIII in the last centuries (Lambert et Levret,
1996).
I.1.2

Model definition and repeated discretisation through a geomodel tool.

Thanks to different geophysical data collected through various scientific initiatives, we may
have an idea about the geological structure beneath the French Riviera. From passive seismic
experiments (Courboulex et al, 2003), from data integration over years (Calais et al., 2000;
Rollet et al, 2002) and from files of log profiles and microseismic zonations (Duval, 1994), a
crustal model of the Nice area could be built with various degrees of precision. As we expect
that the information will increase in the future (Debran-Passard et al., 1984; Larroque et al,
2001), we have to collect this information in such a way that the updating will be easy and
that new simulations could be performed, thanks to the collaboration between Géosciences
Azur and BRGM. In relation with the WP1, we have designed a protocol for recovering the
medium properties and for improving our model structure. Three scales have been considered:
the regional scale where the tectonic information is the driven information canal, the local
scale where local geophysical data will
help refining the structure and the
superficial scale where logs provide
critical information.

Figure 1. Geographical frame of the local
structure of the area of Nice showing horizontal
dimensions in numerical simulations.

We have extracted, for example, a local
model enough large for analysing effects
of both topography and bathymetry and
the presence of sea water around the city
Nice (Figure 1). Up to now, we have
considered a structural model quite
simple just to emphasize effects coming
from these features although they should
be combined with other geological
informations as alluvial sediments
which can be quite unconsolidated
especially at the sea floor.

Our current model of propagation is defined as an isotropic elastic half-space limited by the
realistic topography and the sea flat interface. The only internal interface is, therefore, the
interface solid-fluid between the crust and the sea as defined by the bathymetry (Figure 1).
Mechanical properties of the medium are as follows: Vp = 5.7 km/s, Vs = 3.3 km/s and ρ =
2.6 gr/cm3 for the solid part and Vp = 1.53 km/s, Vs = 0 km/s and ρ = 1.03 g/cm3 for the fluid
part where quantities Vp, Vs et ρ are respectively the velocity of seismic P waves, of seismic
S waves and the density.
The quantities at the interface have been estimated when necessary using an heterogeneous
formulation by an harmonic mean in order to better smooth out sharp diffractors (see CruzAtienza (2006) for more details).
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The strategy is such that these informations are identified in a blocky model where a label
defines each bloc: values inside each bloc will vary for different simulations. Blocs are
specified in a grid with a uniform grid size which is 50 m in both three directions in our
specific case. Domain decomposition which allows various grid steps will not be considered
as we want a quite versatile numerical tool for easy use. Other strategies as unstructured
meshing related to finite volume
methods for example have been selected
(see presentation of INRIA/CERMICS).
Therefore, we have focus our attention
to the simplicity of the computer code to
be used in our collaborative strategy.
Consequently, the superficial scale will
not be considered using this FDTD tool.
We shall consider either the regional
scale in this work.
1. Partiel Differential equations
of elastodynamics.
Let us consider a 3D linear elastic and
isotropic media: wave propagation will
be completely described by using Lamé
coefficients λ and µ, et the density ρ.
Following Madariaga (1976), away from
areas where act body forces, the
elastodynamic equations will describe the time evolution of the particle velocity vi and the
stress tensor τij through the following first-order hyperbolic system:
∂v
ρ i = τ ij , j
∂t
(1)
∂τ ij
= λ vk ,k δ ij + µ (vi , j + v j ,i ).
ρ
∂t
Figure 2. Spatial stencil in the PSG appraoch for
a second-ordre accuracy. The stress field
derivative has to be estimated from the velocity
components. Please note that simple
discretisation of Lamé coefficients and density.

The system (1) is composed of nine equations which can be solved numerically on a grid
discretized regularly by an element square cell over the entire domain. This grid connected to
the finite difference technique we are going to use is a partially staggered grid (PSG) as
particle velocities and stress components are defined into two sub-grids shifted along the main
diagonal as a centered face cubic crystallographic structure as shown in Figure 2. The
numerical estimation of the spatial derivative along the x axis at the centre of a square will
use eight values of the field (Saenger et al., 2000). This spatial discretisation shares the same
efficiency as the standard staggered grid (SSG) (Madariaga, 1976 ; Virieux, 1986) where each
component of velocity field or stress field are spred over different numerical points of the
grid. In the PSG method, we estimate all components of each field in a single grid point while
retaining nice features of the SSG method as the stability of the stencil at solid/liquid
interfaces. Moreover, as shown by Saenger and Bohlen (2004) and Bohlen and Saenger
(2006), this approach allows accurate modelling of surface waves when excited. The
limitation will come from the discretisation of the free surface using a staircase approximation
requiring a significant number of points per wavelength of the order of 30 points per
wavelength. The time integration is performed using simple leap-frog integration where
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velocity and stress are known at two
different half-step times. Let us remark an
additional feature with a less restrictive
CFL condition (Cruz-Atienza, 2006) where
a Von Neumann analysis of the stability
shows that the time stepping is 1.7 times
higher for the PSG approache than for the
SSG approach. This will reduce the number
of time iterations by 40 % for the
simulations inside the same grid.

Figure 3. Discrétisation d’une source ponctuelle
dans la grille différences finies partiellement en
quinconce, décrite par l’ensemble de forces
(fi).vi, τij et ρ étant respectivement le vecteur de
vitesse, le tenseur de contraintes et la masse
volumique ; et λ et µ le coefficients de Lamé.

We have implemented absorbing boundary
conditions PML (Perfectly Matched Layer)
for the simulation of an infinite medium
(Berenger, 1994 ; Collino et Tsogka, 2001)
using requested artifical splitting of fields
only in the PML zones, making a significant
reduction in the memory requirement
(Marcinkovich and Olsen, 2003).
This dedicated development has been
performed into a sequential computer code
in FORTRAN 90 which has been
distributed among participants of QSHA
project (Cruz-Atienza, 2006). This
computer code has been denoted
“SHAKE3D” and is going to be used
through the QSHA project.
I.1.3

Numerical implementation
ponctual seismic source

of

a

We are interested in the excitation of
seismic waves by ponctual sources
representing an earthquake, where are best
described using a moment tensor. The
Figure 4. Sensor (blue) network description
source excitation is taken as a combination
around the epicenter (triangle) used for the
of equivalent body forces to be added to
validation of the excitation by a earthquake source
the inertial equations. These combinations
in a 1D medium as described by table 1.
could describe the desired radiation pattern
as an isotropic radiation, a double-couple
radiation or any combined radiations. These forces applied to velocity nodes are described in
the figure 3 and display three dipoles and six couples related to the seismic moment tensor
description Mij. The body forces averaged over a cell are simply related to the tensor
components in the following way
f i (t ) =

M ij (t )
4h ⋅ h 3
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(2)

Figure 5. Quantitative comparison of vertical components of the velocity field at the free surface using
the SHAKE3D code (in red) and the DWN code (in blue) in the 16 sensors shown in the figure 4.

where the spatial step is denoted by h. The force is scaled down by the size of the volume
(h3) defined by the eight velocity nodes (red dots, Figure 3). In the equation (2), the
components of the stress are described by the product of the seismic moment M0, le radiation
pattern R(φ, δ, λ) where angles define the position of the fault (strike and dip angles) and the
direction of slip (rake angle) on the fault and the integral of the normalized Source Time
Function (STF), namely f(t):

M ij ( t ) = M 0 ⋅ R (φ , δ , λ ) ⋅ f ( t )

(3)

In order to preserve the accuracy of the numerical scheme during the excitation of the
medium, these external forces have spread over few cells with a Gaussian weighting with a
standard deviation of 2h. By doing so, we prevent the patchwork related to different
excitations between odd and even points depending on which nodes forces are applied.
In order to validate the implementation of the source excitation as well as the implicit
discretisation of water interfaces, we have compared seismograms computed with the
SHAKE3D code with synthetics seismograms computed by a spectral element method as the
Discrete Wave Number (DWN) approach on sixteen sensors well distributed around the
epicentre (Figure 4). We have selected a stratified medium with four layers. The superficial
layer is the sea water. Physical parameters are given in the table 1. The source lies at a depth
of 5 km and the source time function is described by a Gaussian of time duration of ~2 s (i.e.
a standard deviation of 0.5 s). The simulated earthquake has a moment magnitude of 4.9 and a
focal mechanism with an azimuth angle φ =142°, a dip angle δ = 74° and a rake angle λ =
215° with a grid step of h = 100 m.
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Model
Thickness
Vp velocity (m/s) Vs velocity (m/s)
Density (km/m3)
Layer 1
2100 m
1530
0
1030
Layer 2
3000 m
5400
3100
2500
Layer 3
7000 m
5700
3300
2600
Layer 4
Half-space
6400
3700
2800
Table 1 : Layered structure of the model for comparison between finite difference method and
discrete wave numbers method.

Figure 6. Seismograms for an earthquake of magnitude 4.5 located at 10 km South the
Saint-Jean Cap-Ferrat position and at a depth of 6.5 km. This earthquake is used a the
reference earthquake for an hypothetical scenario for computing maximal accelerations.
The reference site is taken as the airport position

The comparison of vertical seismograms is presented in the Figure 5 and shows that indeed
the computer program SHAKE3D handles quite accurately both free surface conditions and
continuous conditions between two media as interfaces solid-solid and solid-fluid. The most
important misfit comes probably from the grid approximation of the receiver positions as we
extract signals from the nearest node and we do not perform an interpolation between the
eight nodes of the cell inside which lies the sensor while the DWN method considers exact
positions. If we consider that the frequency 0.5 Hz is the maximal frequency in the radiated
wave field, we find that the minimal number of grid points per wavelength Nλ should be of
the order of 30 for accurate simulations.
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Figure 7. Spectral estimation of source
time functions used for site effect
estimations.
I.1.4

Simulation results and interpretation

In order to estimate site effects occurring in the local structure of the city Nice (Figure 1) and,
more specifically the influence of the sea water in the propagation of seismic waves, we have
realized few simulations with an explosive source located at the position defined in Figure 6
with four different source spectra (i.e. by adding dipoles of seismic moment tensors). These
temporal source time functions are given by Gaussian functions with standard deviations of
0.5 s, 0.375 s, 0.25 s and 0.175 s (associated respectively with blue, yellow, green and red
lines as shown in the Figure 7). The model has been discretized with spatial step size h of 50
m and the time stepping is 0.005 s. This leads to 48.106 degrees nodes (400 x 400 x 300)
which correspond to a computer memory of 2.2 Go. Because we need about 30 points per
wavelength in order to minimize the numerical dispersion at the free surface (Saenger and
Bohlen, 2004) and (Bohlen and Saenger, 2006), wavelengths higher than 1500 m are resolved
correctly by our simulations. This means that a maximal frequency of 1 Hz is considered
inside the model. The table 2 gives a more precise value of maximal frequencies and the
minimal wavelength propagated in the test case.
Site effects are determined through maximal values of ground accelerations (PGA) once they
have been corrected of the geometrical decrease 1/r related to the expansion of the spherical
wave front, where the distance r denotes the distance between the hypocenter and the
observation point. These corrected PGA values have been normalized for each simulation
with respect to those taken from the reference site at the Nice Airport (Figure 1).
λmin
~8.3 km
~5.5 km
~3.6 km
~2.8 km

Source 1
Source 2
Source 3
Source 4

fmax
~0.4 Hz
~0.6 Hz
~0.9 Hz
~1.2 Hz

Tableau 2: Approximate characteristic wavelengths and associated frequencies for the four source
time functions (Figure 7) used for the Figure 8.

The Figure 8 shows that the amplification factors at the interface between the fluid layer and
the solid layer using the procedure we have just described. The right panel is for results of
simulation with sea water while the left panel is without the sea water. The contour line in
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yellow corresponds to an amplification factor of one (i.e. without amplification with respect
to the geometrical expansion in the reference site at the airport). Each horizontal picture is for

Figure 8 : Amplification factor at the solid-fluid interface with a water column (right panel)
and without water column (left panel) for different excitations with spectra given in Figure 7.

d
ifferent frequency content of the source from low frequencies (blue line of the Figure 7). One
can see the influence of the frequency and the topography on the amplification modulation.
The water influence has a quite noticeable effect at low frequencies.
It is possible as well to perform quantitative estimations of felt accelerations leading to PGA
maps for a selected earthquake (Figure 9). By performing a quite important number of
simulations, it might be possible to have a statistical analysis of these PGA values and,
therefore, to induce characteristic features related to the propagation inside the chosen
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medium than to the source itself. This will provide bridges with the probabilistic approach. Of
course, in case of a real earthquake, these estimated maps could be compared to maps
deduced from quantitative observation if the station density is enough for the next earthquake
as it has been the case for Chichi earthquake (1999) in Taiwan.
I.1.5

Conclusion

The deterministic approach allows us to build different scenarii with site effects leading to
amplification factor above 2 which can reach sometimes a factor of 5 because of topographic
effects. This amplification is related to the wave frequency content and is quite significant at
high frequencies (above 2 Hz). The water column attenuates these amplifications essentially
at the sea bottom but the mechanical energy stored in this water volume is sent back inside the
solid medium increasing the time length of the seismogram. The simulation we have
performed for our analysis of site effects is not related to any already defined scenario of
earthquakes in the area of the city of Nice and we can not draw quantitative features for
seismic hazard estimation in the French Riviera. Further work is required once more precise
scenarii have been defined for this geographical zone.

Figure 8. PGA estimation for the scenario of Figure 5 with an earthquake nearby Saint-Jean Cap-Ferrat.
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I.2 Finite volume method for the dynamic non-planar
crack rupture
INRIA/ENPC/GEOAZUR - M. Benjemaa, N. Glinsky-Olivier, V.M. Cruz-Atienza, S. Lanteri,
S. Piperno and J. Virieux
Our recent results concern the study of the dynamic rupture for complex geometrical
fault structures using a finite volume method in two dimensions of space. This study has
been accepted for publication under the reference :
Benjemaa, M., Glinsky-Olivier, N., Cruz-Atienza, V.M., Virieux, J. and Piperno, S., 2007.
Dynamic non-planar crack rupture by a finite volume method, Geophys. J. Int., to appear.
At present, the finite volume method is extended to three-dimensional space domain.
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Introduction

As the number of unsaturated seismograms recorded nearby the earthquake rupture zone
increases dramatically, understanding the physics of the rupture process requires more and
more sophisticated tools where the geometry of the ruptured surface is taken into account
as well as realistic friction laws on this surface. New formulations have recently been proposed for modelling the dynamic shear crack rupture when considering the complexity of
earthquake mechanisms embedded in heterogeneous crustal structure (Kame and Yamashita
(1999)1 , Cruz and Virieux (2004)2, Huang and Costanzo (2004)3 , Ando et al. (2004)4).
Boundary integral equation formulations (Das and Aki (1977)5, Andrews (1985)6 , Bécache
and Duong (1994)7 , Tada and Yamashita (1997)8 , Tada and Madariaga (2001)9 ) provide
highly accurate field estimations nearby the crack at the expense of a rather simple medium
description. Finite element formulations (Day (1977)10 , Cohen and Fauqueux (2001)11 ), especially spectral formulations (Komatitsch and Vilotte (1998)12 , Capdeville et al. (2003)13 ,
Chajlub et al. (2003)14 ), have proved to be quite accurate for handling spontaneous propa1 Kame,

N. and Yamashita, T., 1999. Simulation of the spontaneous growth of a dynamic crack without
constraints on the crack tip path, Geophys.J. Int., 139, 345-358.
2 Cruz-Atienza, V.M. and Virieux, J., 2004. Dynamic rupture simulation of non-planar faults with a
finite-difference approach, Geophys. J. Int., 158, 939-954.
3 Huang, H. and Costanzo, F., 2004. On the use of space-time finite elements in the solution of elastodynamic fracture problems, Int. J. of fracture, 127, 119-146.
4 Ando, R., Tada, T. and Yamashita, T., 2004. Dynamic evolution of a fault system through interactions
between fault segments, J. Geophys. res., 109, doi:10.1029/2003JB002665.
5 Das., S. and Aki, K., 1977. A numerical study of two-dimensional spontaneous rupture propagation,
Geophys. J. R. astr. Soc., 50, 643-668.
6 Andrews, D., 1985. Dynamic plain-strain shear rupture with a slip weakening friction law calculated by
a boundary integral method, Bull. seism. Soc. Am., 75, 1-12.
7 Bécache, E. and Duong, T.H., 1994. A space-time variational formulation for the boundary integral
equation in 2D elastic crack problem, J. Geophys. res., 28, 141-176.
8 Tada, T. and Yamashita, T., 1997.
Non-hypersingular boundary integral equations for the twodimensional non-planar crack analysis, Geophys. J. Int., 130, 269-282.
9 Tada, T. and Madariaga, R., 2001. Dynamic modelling of the flat 2-D crack by a semi-analytical BIEM
scheme, Int. J. Numer. Methods Eng., 50, 227-251.
10 Day, S., 1977. Finite element analysis of seismic scattering problems, PhD dissertation, 54, 99-104.
11 Cohen, G. and Fauqueux, S., 2001. 2D elastic modelling with efficient mixed finite elements, in Extended
Abstract, Eur. Ass. Expl. Geophys.
12 Komatitsch, D. and Vilotte, J.-P., 1998. The spectral element method: an efficient tool to simulate the
seismic response of 2-D and 3-D geological structures, Bull. seism. Soc. Am., 88, 368-392.
13 Capdeville, Y., Chaljub., E., Vilotte, J.-P. and Montagner, J.-P., 2003. Coupling the spectral element
method with a modal solution for elastic wave propagation in realistic 3D global Earth models, Geophys. J.
Int., 152, 34-68.
14 Chaljub, E., Capdeville, Y. and Vilotte, J.-P., 2003. Solving elastodynamics in a fluid-solid heterogeneous sphere: a parallel spectral element approximation on non-conforming grids, J. Comput. Phys., 187,
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gation while considering complex crack structure (Festa and Vilotte (2005) 15 ). Finally, finite
difference approach (Madariaga (1976)16 , Virieux and Madariaga (1982)17 , Madariaga et al.
(1998)18 , Olsen et al. (1997)19 ) turns out to be quite efficient for 3D configurations at the
expense of less accurate field estimations nearby the crack (Madariaga (2005) 20 ). Differences
between these methods depend essentially on how boundary conditions are imposed on the
discrete numerical formulation.
Other numerical methods, as the finite volume (FV) approach (LeVeque (2002) 21 ), have
been used for wave propagation, applied to the elastodynamic equations with mitigated
results (Dormy and Tarantola (1995)22 ), although new interest has been raised recently
by Käser and Iske (2005)23 . Zhang (2005)24 proposed an hybrid scheme by writing the
integral forms of the elastic-momentum equations together with a triangular finite difference
operator with good results when considering scattering by cracks in both homogeneous and
heterogeneous media. Other approaches using various formulations as finite element and
discontinuous Galerkin methods for dynamic rupture in elastic media could be found in
Moës and Belytchko (2002)25 and Huang and Costanzo (2004). They rely essentially on weak
formulations of boundary conditions. With that respect, we believe that our presentation
based on a discrete energy conservation is new.

2

Dynamic Crack Problem

We consider an isotropic, linearly elastic infinite medium containing a surface Γ across
which the displacement vector may have an unknown discontinuity while stress conditions
are specified on this surface. This so-called crack problem is very different from the kinematic
formulation where the displacement discontinuity is specified as introduced in seismology by
Haskell (1964)26 . Although we shall restrict our problem to 2D geometry for illustration,
the FV formulation we propose could be straightforwardly extended to 3D geometry.
Away from the fracture surface Γ, the medium is governed by the following linearized
elastodynamic equations,
ρ

∂ 2 ~u −−−→
= div σ
∂ t2

~ ~u + t (∇
~ ~u)
σ = λ div ~u I2 + µ ∇

(1)
(2)

457-491.
15 Festa, A. and Vilotte, J.-P., 2005. Spectral element simulations of dynamic rupture along kinked faults,
EGU Meeting, pp.SRef-ID:1607-7962/gra/EGU05-A-05122.
16 Madariaga, R., 1976. Dynamics of an expanding circular fault, Bull. seism. Soc. Am., 66, 639-666.
17 Virieux, J. and Madariaga, R., 1982. Dynamic faulting studied by a finite difference method, Bull.
seism. Soc. Am., 72, 345-369.
18 Madariaga, R., Olsen, K. and Archuleta, R., 1998. Modeling dynamic rupture in a 3D earthquake fault
model, Bull. seism. Soc. Am., 88, 1182-1197.
19 Olsen, K.B., Madariaga, R. and Archuleta, R., 1997. Three-dimensional dynamic simulation of the 1992
landers earthquake, Science, 278, 834-838.
20 Madariaga, R., 2005. Seismic energy radiation from dynamic faulting, EGU Meeting, pp.SRef-ID: 16077962/gra/EGU05-A-05775.
21 LeVeque, R., 2002. Finite volume methods for hyperbolic problems, Cambridge university press, UK.
22 Dormy, E. and Tarantola, A., 1995. Numerical simulation of elastic wave propagation using a finite
volume method, J. Geophys. Res., 100, 2123-2133.
23 Käser, M. and Iske, A., 2005. ADER scheme on adaptive triangular meshes for scalar conservation laws,
Journal of Computational Physics, 205, 486-508.
24 Zhang, J., 2005. Elastic wave modeling in fractured media with an explicit approach, Geophysics, 70,
75-85.
25 Moës, N. and Belytchko, T., 2002. Extended finite element method for cohesive crack growth, Engineering Fracture Mechanics, 69, 813-833.
26 Haskell, N., 1964. Total energy and energy spectral density of elastic wave radiation from propagating
faults, Bull. seism. Soc. Am., 54, 1811-1842.
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where the identity matrix is denoted by I2 , the displacement vector by ~u, the symmetric
stress tensor by σ. The spatially varying density is denoted by ρ and Lamé coefficients by λ
and µ. The superscript t denote the transposition operation. We define the velocity vector ~v
as the time derivative of the displacement vector ~u. The following velocity-stress first-order
hyperbolic system,
ρ

∂ ~v −−−→
= div σ
∂t

∂σ
~ ~v + t (∇
~ ~v ) ,
= λ div ~v I2 + µ ∇
∂t

(3)
(4)

describes the propagation of elastic waves in the heterogeneous medium (Madariaga (1976),
Aki and Richard (1980)27 , Virieux (1986)28 ). An initial heterogeneous stress σ(~x, 0) = σ 0
could be defined inside the medium from previous loading histories (Virieux and Madariaga
(1982)). However, in this article, we shall only consider uniform prestress conditions which
can be set to zero.
The crack surface Γ(~x, t) which may have a complex geometry and which may depend
~ is defined at each segment
also on time, will be piecewise discretized and a normal vector n
of the crack surface. We shall consider a frictional resistance on the crack surface. More
specifically, we deal with an in-plane fracture mode, and we suppose that the contact between
the two sides of the fracture is perfect. This means that no opening mechanism happens
during the process, thanks to the confining pressure in the Earth crust. Inside the crack
surface Γ, the tangential stress, also called the shear stress, is assumed to drop down to its
dynamic frictional level using a specific constitutive law we shall discuss later. The shear
stress verifies the relationship
t~

~ = g(t, Ψ) ∀ x ∈ Γ
t σ(t, x) n

(5)

where g is a function depending on time and a local set of a constitutive law parameters Ψ.
The tangent to the surface is denoted by ~t. We assume that this function does not depend
on the normal stress. We shall assume as well that the function g(t) is spatially invariant on
the crack surface, although the numerical method we develop might handle more complex
friction behaviours for other applications.
Because we allow a displacement discontinuity across the surface Γ, we define limiting
values of both the displacement and the velocity vector, respectively as:
~ (~x) , t)
~u ± (~x, t) = lim ~u (~x ±  n

(6)

~ (~x) , t) .
~v ± (~x, t) = lim ~v (~x ±  n

(7)

→0

→0

The slip U and the slip-rate V are respectively jumps of the tangential displacement and the
tangential velocity vectors across the surface Γ. These quantities are numerically determined.
With previous notations, we have the following expressions for the slip and the slip-rate
magnitudes,

U = ~u + − ~u − · ~t
(8)

∂U
V=
= ~v + − ~v − · ~t
(9)
∂t
where the scalar product is denoted by a dot.
27 Aki, K. and Richards, P., 1980. Quantitative Seismology : Theory and Methods, W.H. Freeman & Co,
San Franciso.
28 Virieux, J., 1986. P-SV wave propagation in heterogeneous media, velocity-stress method, Geophysics,
51, 889-901.
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The crack surface Γ(~x, t) expands during the rupture process from its initial configuration
Γ0 = Γ(~x, 0) to the final one Γf = Γ(~x, Tf ) at the time Tf when the rupture process
stops, while waves are still propagating inside the medium. Whatever the dynamic fracture
mechanism is, it depends critically on the accuracy of the elastic field estimation nearby the
crack surface. It will be our main concern when considering the numerical implementation
of boundary conditions.

3

Conservative Flux Formulation

In order to solve the elastodynamic equations by a FV method, we transform the system
(3)-(4) into a conservative formulation on which we apply FV discretisation. We identify the
discrete total energy inside the elastic medium and its time variation related to the energy
release when the crack rupture occurs. The study of the energy variation allows us to define
the appropriate boundary conditions on the crack surface. This is the new feature we would
like to stress in our work.

3.1

Finite Volume Equations

Over the elastic domain we consider in this paragraph, the stress tensor σ can be split
into a trace tensor s = 1/2 tr σ I2 and a deviatoric tensor d = σ − s (i.e. tr d = 0).
For a 2D geometry, we may consider equivalently the two numbers T = (σxx + σzz )/2 and
T 0 = (σxx − σzz )/2 and the shear-stress σxz . We write the system (3)-(4) into the form
∂ vx
∂t
∂ vz
ρ
∂t
1 ∂T
λ+µ ∂t
1 ∂ T0
µ ∂t
1 ∂ σxz
µ ∂t
ρ

=
=
=
=
=

∂ (T + T 0 )
∂ σxz
+
∂x
∂z
∂ σxz
∂ (T − T 0 )
+
∂x
∂z
∂ vx
∂ vz
+
∂x
∂z
∂ vx
∂ vz
−
∂x
∂z
∂ vz
∂ vx
+
∂x
∂z

(10)
(11)
(12)
(13)
(14)

which can be written into a pseudo-conservative form
~ t = div F(
~ W
~)
ΛW

(15)

where the subscript t means the temporal derivative. The vector
~ = t (vx , vz , T, T 0 , σxz ) has to be estimated. The diagonal matrix
W
1
1 1
Λ = diag (ρ, ρ,
, , ) contains the material description, while the transformation F
λ+µ µ µ
~ given by
is a linear function of W
~ = (F1 , F2 )
F
where
and

~ ) = t (T + T 0 , σxz , vx , vx , vz )
F 1 (W
~ ) = t (σxz , T − T 0 , vz , −vz , vx ).
F 2 (W

This function definition is only for compact notation of the equation (15). Let us underline
that the right hand side (RHS) of this equation does not include medium properties description. In other words, specific parameters describing heterogeneities are grouped on the LHS
15

of the equation (15) which allows a non-ambiguous use of centered space scheme as we will
see in following paragraphs.
The elastic medium is divided in triangular cells in such a way that the crack surface
coincides with edges of specific cells at any time. By anticipation, we may consider that the
crack ruptures on a pre-specified surface related to a mechanically weak zone of the Earth
crust. Therefore, the initial meshing of the entire medium could be such that any evolution
of the crack surface will match numerical edges of cells, an easy problem compared to new
fractures on a fresh material.
The equation (15) is integrated over each finite control surface (volume in 3D geometry)
or cell Ti . Assuming both the solution and the medium’s characteristic constant in each cell,
we obtain by the Green theorem,
Z
Z
~ W
~ ) ~ñ dS,
~t =
F(
(16)
Λi W
Ti

∂Ti

where ∂Ti designs the boundary of the cell Ti , Λi contain the values of elastic parameters inside the cell Ti and ~ñ is the unitary outwards normal vector. The equation (16) is
approximated by,
X
~ t )T i =
Φij ,
(17)
A i Λ i (W
Tj ∈V (Ti )

~ t )Ti is an approximation of W
~t
where Ai is the surface of the cell Ti . The expression (W
inside the cell Ti . For each cell Ti , the set of neighboring cells is denoted by V (Ti ). The
numerical flux integral across the interface Tij = Ti ∩ Tj between Ti and Tj is denoted by
Φij . The scheme is conservative as the following equality
Φij + Φji = 0

(18)

is verified, thanks to the convention for normal vector orientation for edges of each cell.
For cells having connection with the external edges of the domain, one must consider flux
integral which may require specific attention as absorbing conditions as studied by Benjemaa
et al.29 , which will be applied without discussion in this paper focused on the numerical crack
boundary implementation.
We use a centered scheme for a numerical approximation of the flux integral between
contiguous cells for elements without edges on the crack surface Γ(~x, t). We can write the
following expression,
Z
Z
~ W
~ ) ~ñ dS ' Φij ≡ F(
~ Wi + W j )
~ñ dS
F(
2
Tij
Tij
=

~ i ) + F(W
~ j)
F(W
~nij ,
2

where arithmetic means of fields are
R used in this flux evaluation along the edge between
two cells. The edge normal ~nij = Tij ~ñ dS is now isolated from field quantities Wi and
Wj which may vary spatially and in time. The index ij specifies the direction from Ti to
Tj when time integration is performed for the Ti cell (Figure 1). These centered numerical
fluxes fulfill the conservative property we want to verify when the medium is continuous.
~ . Using this notation, the
Let us denote ~γ = t (T, T 0, σxz ) the stress part of the vector W
previous flux integral is split into

Φij = Φ(Wi , Wj ) = t Φ~v (γi , γj ), Φ~γ (vi , vj )
(19)
29 Benjemaa, M., Piperno, S. and Glinsky-Olivier, N., 2006. Etude de stabilité d’un schéma volumes finis
pour les équations de l’élastodynamique en maillages non structurés, INRIA Sophia Antipolis. RR-5817,
France.
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j
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Φ ij

~

ρ

Λi
W

i

Ai

vx
vz
T
T’
σxz

Figure 1: Two contiguous cells within the mesh. ρi and Λ̃i are the local elastic properties of
~ is assumed constant in each cell, and Φij design
the medium in the cell Ti . The unknown W
the fluxes between Ti and Tj .
with
Φ~v = t (Φvx , Φvz ) and Φ~γ = t (ΦT , ΦT 0 , Φσxz )
given by the following expressions,
Φvxij =
Φvzij =
ΦTij =
ΦT 0 ij =
Φσxzij =

σxzi + σxzj
Ti + T j + T 0 i + T 0 j
nxij +
nzij
2
2
σxz i + σxzj
Ti + T j − T 0 i − T 0 j
nxij +
nzij
2
2
v xi + v xj
v zi + v zj
nxij +
nzij
2
2
v xi + v xj
v z + v zj
nxij − i
nzij
2
2
v x + v xj
v zi + v zj
nxij + i
nzij .
2
2

(20)
(21)
(22)
(23)
(24)

For temporal integration, we use a leap-frog scheme where velocity is discretized at halfinteger time steps and stress at integer time steps, which gives us the following discrete
scheme
n+ 12

ρi vi

n− 21

= ρ i vi

∆t X
Φ~v (γin , γjn )
Ai

(25)

∆t X
n+ 1
n+ 1
Φ~γ (vi 2 , vj 2 )
Ai

(26)

+

j∈V (i)

Λ̃i γin+1 = Λ̃i γin +

j∈V (i)

1
1 1
, , ). Replacing the fluxes by their respective
λi + µ i µ i µ i
expressions, we obtain the following 2D discrete system of five equations,

with the discrete matrix Λ̃i = diag (

n+ 21

ρi vi

n− 21

= ρ i vi

+

γin + γjn
∆t X
Nij
Ai
2

(27)

j∈V (i)

1

Λ̃i γin+1

=

Λ̃i γin

1

n+
n+
vi 2 + v j 2
∆t X t
Nij
+
,
Ai
2
j∈V (i)
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(28)




nxij nxij nzij
with the following discrete geometric matrix Nij =
depending on
nzij −nzij nxij
cell edges. This discrete time-evolution system has a rather low number of arithmetic operations.
A CFL criterion, for which the stability of this explicit time scheme can be proved in the
general case of an unstructured mesh, will depend on the smallest triangle of the mesh. In
other words, the discrete time increment ∆t must be bounded by a value depending on the
highest wave velocity and the smallest space path, which is taken for our unstructured mesh
as the shortest height among all heights of triangles inside the mesh. A quite attractive
feature would be a local time step. For more details on how to estimate this CFL value, we
refer to the work of Benjemaa et al. (2006) as notations are quite tedious when considering
unstructured meshes.

3.2

Energy Consideration

Let us consider the energy E of the system defined by
Z
Z
1
1t
ρ k ~v k2 +
~σ · ~ε
E=
2
Ω
Ω 2
|
{z
} | {z }
Ec

(29)

Em

where Ec is the kinetic energy of the system and Em its mechanical energy (see appendix A
for more details). By considering Hooke’s law, we may express the mechanical energy with
respect to stresses which are quantities specified at crack boundaries:
Z
Z
1t
1t
~σ C ~σ =
~γ Λ̃ ~γ .
(30)
Em =
2
2
Ω
Ω
Thus, the total energy in the continuum,
Z

1
1
E=
ρ k ~v k2 + t~γ Λ̃ ~γ ,
2
Ω 2

(31)

is transformed into the discrete total energy,
En =


1 X  t n+ 21 n− 21
Ai ρi (vi ) vi
+ t (γin ) Λ̃i γin ,
2 i

(32)

expressed at integer time steps n where the stress is estimated. Once the rupture process
has stopped, we have verified that this discrete total energy inside the medium is kept
constant, which is a consequence of the joint use of the leap-frog time-scheme and centered
numerical fluxes (Fezoui (2005)30 ), for the time and space discretizations of the conservative
flux formulation (15). How numerically the total energy varies in time during the rupture
process is described now.

4

Numerical Boundary Conditions

Let us now consider the crack surface Γ which coincides with edges of specific cells at any
time. Let us remind that solutions could be discontinuous through these edges. Therefore,
for these cells, a specific flux estimation should be performed on those edges belonging to
30 Fezoui, L., Lantéri, S., Lohrengel, S. and Piperno, S., 2005. Convergence and stability of a discontinuous
Galerkin time-domain method for the 3D heterogeneous Maxwell equations on unstructured meshes, M2AN,
39(6), 1149-1176.

18

the crack surface, called from now on crack edges. Using the scheme (27)-(28), the discrete
total energy time variation is given by
∆E n =

X

i,j /
∂Ti ∩ ∂Tj ⊂Γ


∆t  ~ n+ 21
n+ 1
+ F~ji 2 · ~nij ,
Fij
|2
{z
}

(33)

n
∆Eij

n
where the summation is over the crack edges (see appendix B). Each energy variation ∆E ij
is related to the cell Ti towards the cell Tj . The local discrete energy rate vector F~ is given
by


1
0
[n+ 12 ]
[n+ 12 ] n+ 21
[n+ 21 ] n+ 2
)v
(T
+
T
+
σ
v
xj
xzi
zj
i
n+ 1

 i
F~ij 2 = 

1
1
1
1
0
1
[n+ 2 ]
[n+ 2 ] n+ 2
[n+ 2 ] n+ 2
− Ti
)vzj
σxzi vxj + (Ti


nxij
while the normal vector ~nij =
is oriented as usual from the cell Ti towards the
nzij
cell Tj . The stress estimation at half-integer time steps is obtained through the following
time averaging expression
γ n + γin+1
[n+ 1 ]
.
γi 2 = i
2
If we assume continuity of velocity and stress fields through these crack edges, the discrete
total energy time variation will be zero.

4.1

Local Horizontal Crack

Without loss of generality, we may consider a horizontal segment of the crack surface with
respect to the Cartesian coordinate system. Any other segment orientation could be considered by performing a local coordinate
 as we shall see. Therefore, the normal vector
 rotation
0
, with nzij = ±1 depending on which side of
of this horizontal segment is ~nij =
nzij
the crack line we are. The energy variation is then reduced to the following expression,
∆E n =

0
1
∆ t X h [n+ 12 ] n+ 12
[n+ 1 ]
n+ 1
σxzi vxj + (Ti 2 − Ti [n+ 2 ] ) vzj 2
2
i,j ⊂Γ
i
0
1
[n+ 1 ] n+ 1
[n+ 1 ]
n+ 1
+ σxzj 2 vxi 2 + (Tj 2 − Tj [n+ 2 ] ) vzi 2 nzij

(34)

Without any stress boundary condition, this discrete energy should be kept constant. The
variation ∆E n must vanish for every time step n. For the sake of simplicity, we omit the
temporal superscript and write down the energy conservation as
X h
0
σxzi vxj + (Ti − Ti ) vzj +
i,j ⊂Γ

i
0
σxzj vxi + (Tj − Tj ) vzi nzij = 0

(35)

for every couple (i,j) such that ∂Ti ∩ ∂Tj ⊂ Γ.
Consider now two adjacent cells Ti and Tj sharing a common crack edge. Since we
allow discontinuities because of the local rupture, the fluxes integral Φij and Φji through
the segment Tij = ∂Ti ∩ ∂Tj ⊂ Γ could not be estimated through relations (17-21). The
centered space scheme has to be modified for handling such field discontinuities and we must
check that the equation (35) will be verified when specific homogeneous boundary conditions
are applied. For these reasons, we consider new flux integrals, say Φij ∗ instead of Φij for
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Figure 2: Two contiguous cells above and below the fault Γ. [AB] design the same local
horizontal crack edge between cells Ti and Tj . Dashed lines specifies fictitious cells.
the cell Ti , and Φji∗ instead of Φji for the cell Tj . We should define rules how to estimate
these new flux integrals Φij ∗ and Φji∗ from local variables from cells Ti and Tj .
Due to the discontinuities we will introduce, the flux integrals Φij ∗ and Φji∗ across the
crack does not verify Φij ∗ + Φji∗ = 0 as for a continuous medium. Nevertheless, the total
energy variation must remain equal to zero when specific homogeneous boundary conditions
are applied. A simple way consists in verifying the local condition
n
n
∆Eji
∗ + ∆Eij ∗ = 0

(36)

In other words, the following equality
σxzi∗ vxj + (Ti∗ − Ti0∗ ) vzj + σxzj vxi∗ + (Tj − Tj0 ) vzi∗ −


σxzi vxj∗ + (Ti − Ti0 ) vzj∗ + σxzj∗ vxi + (Tj ∗ − Tj0∗ ) vzi = 0 (37)
must be verified at each time t and for all i and j such that ∂Ti ∩ ∂Tj ⊂ Γ considering
fictitious cells Tj ∗ and Ti∗ (see fig. 2). The minus sign comes from the orientation of the
normal crack vector.
Since we are interested in the in-plane fracture mode with no opening mechanism, the
normal velocity component must be continuous, while the tangential velocity component is
discontinuous. This leads us to the definition of local variables of the fictitious Tj ∗ cell by
assigning specific values of both Ti and Tj cells through
v xj ∗ = v xi

(38)

v zj ∗ = v zj

(39)

Tj ∗ = T j
Tj0∗ = Tj0

(40)
(41)

σxzj∗ = −σxzi .

(42)

Similar equalities must be verified for the fictitious cell i∗ by replacing indexes j ∗ by i∗
and i by j. Let us also remark that the equations (40), (41) and (42) are nothing but the
continuity of the traction vector through the crack.
This definition enables us to conserve the discrete total energy as we sum up over the
crack surface when no boundary conditions are specified through a local conservation over
each segment. In order to satisfy the boundary condition (5), we modify the last equation
(42) as,
(43)
σxzj∗ = −σxzi + 2 g
20

prescribing the shear stress average value across the crack to g. The factor 2 comes from
the centered scheme. The same equality must be taken for the cell i∗ . Following standard
centered scheme, we are now able to estimate the flux Φij ∗ across Tij by,

Ti + T j + T 0 i + T 0 j
nxij + g nzij
(44)
2
0
0
Ti + T j − T i − T j
nzij
(45)
Φvzij∗ = g nxij +
2
v z + v zj
ΦTij∗ = vxi nxij + i
nzij
(46)
2
v z + v zj
nzij
(47)
ΦT 0 ij∗ = vxi nxij − i
2
v z + v zj
nxij + vxi nzij .
Φσxzij∗ = i
(48)
2
We may proceed similarly for the other flux integral Φji∗ by inverting indexes i and j.
Let us remark that fictitious cells are not specified in the computer code keeping memory
management simple. Only related rules are applied for deducing the appropriate variable
values when defining the split fluxes Φij ∗ and Φji∗ , as shown above. Unambiguous rules
have been elaborated for boundary conditions across an horizontal crack segment.
Φvxij∗ =

4.2

Local Arbitrary Oriented Crack Edge

Let us consider a local crack edge making an angle θ with respect to the Cartesian coordinate
system (x, z). We may define a local Cartesian coordinate system (x0 , z 0 ) with the axis x0
along the crack direction and express both the stress tensor and the velocity vector in the
local Cartesian system, respectively denoted as σ and v, using the transformation matrix
Pθ between coordinate systems. The following standard relationships could be deduced:
σ = Pθ−1 σ Pθ

and

v = Pθ−1 v.

We may apply the boundary condition (37) on this local crack edge which is now horizontal
in this new Cartesian coordinate system. On this crack edge, the tangential shear stress
σxz is assumed to drop down to its dynamic friction level. More precisely, its flux integral
through the local crack edge drops down to the dynamic level, while the cell value is already
representative of the elastic medium response. We shall note this crack edge shear stress τ
for clear distinction with the shear stress value itself inside the cell.
Therefore, any crack shape could be considered as well by performing this local transformation for each individual edge of the complex crack surface: the crack surface is discretized
as a subsequent edges at any time, making necessary the knowledge of the crack geometry
before rupture initiation. More sophisticated strategies could be developed with adaptative
remeshing as the crack surface expands. This important numerical investigation is left to
further works.

5

Self-similar crack with constant rupture velocity

For a self-similar planar crack with a bilateral propagation at a constant velocity, (Kostrov
(1964)31 ) has obtained an analytical solution for a sub-Rayleigh rupture velocity. In the 2D
geometry, the slip velocity follows the analytical expression,


t/x

vx (t, x, 0) = C Re  q
t2 /x2 − vr−2
31 Kostrov,

B., 1964. Selfsimilar problems of propagation of shear cracks, PMM, 28, 889-898.
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where the factor C, called Kostrov constant, depends on the rupture velocity v r . This
analytical solution may be used for the validation of the numerical solutions. We have
selected a rupture velocity of √
0.5 α and we consider a Poissonian medium where the ratio
between P and S velocities is 3. Medium properties are taken from the first line of table
1. At a given point of the crack plane, the flux integral value of the shear stress drops
abruptly from the prestress level to the dynamic frictional stress value, say τ f , when the
point ruptures with the prescribed rupture velocity. Stresses are normalized by the stress
drop τ0 − τf , where τ0 is the initial state of stress which gives a dimensionless stress drop
equal to the unity.
Figures 3a and 3b show, respectively, the comparison between numerical and analytical
solutions of the slip and the shear stress evaluation in four equidistant points placed along
the crack plane for six different inclination angles with respect to the horizontal Cartesian
axis. The numerical solution for the slip follows the analytic solution very closely whatever
is the fault inclination. The slip is exactly equal to zero before the arrival of the rupture
front and then increases hyperbolically as predicted by the theoretical study. The shear
stress is also well modelled, especially the relaxation induced after the S-wave arrives at
the recorded point. For these simulations, we have selected numerical parameters of table 2
using the discretisation M4, where h denotes, hereafter, the mesh size along the crack.
Short period oscillations in the shear stress are observed due to the discrete step-wise
progress of the fracture front. Dissipation terms can be introduced to control these spurious
numerical oscillations (Virieux and Madariaga (1982), Knopoff and Ni (2001) 32 ). We rewrite
the system (3)-(4) as follow :
ρ

∂ ~v −−−→
= div σ
∂t

∂σ
~ ~v + t (∇
~ ~v )
= λ div ~v I2 + µ ∇
∂t


~ ~v˙ + t (∇
~ ~v˙ )
+ η λ div ~v˙ I2 + µ ∇

(49)
(50)

where ~v˙ is the time derivative of the velocity vector and η is a damping coefficient to be
determined. Due to our method which assumes that unknowns are piecewise-constant in
each cell, we cannot add in a simple way a spatial second order derivative to the equation
(49) as usually used. We propose to add another term in the RHS of the equation (50)
which is exactly equivalent to the addition of a Laplacian term, but have the advantage to
avoid spatial derivative computations. Figure 4 shows the comparison between analytical
and numerical solutions of the shear stress for the self-similar constant velocity rupture
obtained without and with the damping term (see Kristekova et al. (2006) for details on
misfit criteria). The coefficient η is determined numerically and turns out to be 0.5∆t for the
M4 discretisation of table 2. Applying this artificial damping will be case-dependent because
we have to avoid distortions in the build-up of the physical singularity of the shear-stress.

5.1

Mesh Influence

One very interesting feature of the FV formulation is the capability of using simple unstructured triangular meshes. This allows us to describe quite accurately the geometry of the
fault surface, especially when the geometry is non-planar. Realistic source geometries will
modify quite significantly rupture behaviour as well as slip history over the fault surface
(Aochi and Fukuyama (2002)33 , Ando et al. (2004)). Another advantage of considering
32 Knopoff, L. and Ni, X., 2001. Numerical instability at the edge of a dynamic fracture, Geophys. J. Int.,
147, F1-F6
33 Aochi, H. and Fukuyama, E., 2002. Three-dimensional nonplanar simulation of the 1992 landers earthquake, J. Geophys. Res., 107, 4.1-4.12.
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Figure 3: Comparison of the numerical (circles) and analytical (solid lines) solutions for the
self-similar dynamic crack growth problem for (a) fault slip and (b) shear stress flux integral.
Each panel correspond to a given crack inclination θ with respect the horizontal axis.
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Figure 5: Comparison of the numerical (circles) and analytical (solid lines) shear stress
solutions for the self-similar dynamic crack growth problem for six different meshes.
unstructured meshes lies in the fact that one can refine the mesh nearby the fault zone in
order to increase accuracy in field estimations at the expense of a fine time step which is
until now selected globally for the entire medium. The mesh size along the crack h must
be small enough to evaluate both shear stress concentration before the rupture as well as
the finite peak associated with the S-wave motion. Figure 5 shows the comparison between
analytical and numerical solutions computed for different meshes, using medium parameters
of table 1. The different meshes were generated automatically by setting the segment length
at external boundaries of the grid as well as on the fault surface. These meshes have the
same mesh size at external boundaries and only the mesh size along the crack h varies, our
objective being to find out the dependence of the numerical solutions on the mesh refinement around the rupture surface when neglecting the damping term. Various informations
about the different meshes are given in table 2. One can easily notice that the peak due to
the S-wave traveling ahead the singularity may disappear if the mesh size along the fault is
not enough refined. Moreover, one may notice that singular values depend critically on the
mesh definition. We may see that it will not affect spontaneous rupture solutions which are
now investigated.

6

Dynamic rupture using stress threshold criterion

An important issue in seismology is the study of the stress conditions on faults before and
during earthquakes, and the inference of a constitutive law that characterizes the material
response to the applied stress. The friction constitutive relationship represents the governing
equation of the failure process, and relates the stress field with fault slip and slip-rate among
other physical parameters.
The constitutive relationship is a key element of the dynamical descriptions of the seismic source which is based on models that satisfy the elastodynamic equations (Andrews
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(1976)3435 , Andrews (1985), Mikumo and Miyatake (1978)36 , Day (1982)37 , Das and Kostrov
(1987)38 , Harris et al. (1991)39 ). In the framework of fracture mechanics, an earthquake
may be considered as a dynamically propagating shear crack that radiates seismic waves.
The resulting motion on the fault is strongly related to the shear stress drop. Hence the slip
evolution depends on the failure criterion, the constitutive properties and the initial stress
conditions on the fault surface, apart from fault geometry and medium properties. In contrast with the physically consistent dynamic models, kinematic models are widely accepted
as a good description of the seismic source (Haskell (1964)) prescribing the displacement
history of motion a priori, without an explicit attempt to investigate the physical causes of
the rupture process.
In our model, the constitutive relationship on the fault surface is assumed to be a slipweakening (SW) friction law (Ida (1972)40 , Palmer and Rice (1973)41), which is completely
characterized by the yield stress τu , the dynamic frictional stress τf , and the slip-weakening
distance δ0 (Fig. 6). Thus the frictional strength τc is given by such a constitutive law,
which may be written as follows:

τu − (τu − τf ) δU0
0 ≤ U ≤ δ0
τc =
(51)
τf
U ≥ δ0 .
The shear traction fluxes on the fault are bounded above by τc . We then verify the following
jump conditions on the rupture surface
τ ≤ τc
(τ − τc ) V = 0 ,

(52)
(53)

which also prevent retrograde fault motion and allow rupture healing (see Day et al. (2005) 42
for details about these jump conditions). As a result, a positive fault dislocation always
takes place whenever the shear traction τ exceeds the fault strength τc . Otherwise, the fault
remains locked. Following equation (51), rupture begins in a given point if τ exceeds the
yield stress τu . The fault strength then drop down to the dynamic level τf as the slip grows
over the critical distance δ0 .
Fig. 7 displays several phase diagrams for one point located at 6 km from the end of
the nucleation zone. For this simulation, we have used the following parameters : τu = 1.3
MPa; τf = −3.3 MPa, and δ0 = 0.4 m with an initial shear stress τ0 = 0 MPa. For the
initiation of the unilateral rupture, we impose the rupture in a 2 km long nucleation zone at
one extremity of a 12 km fault. In this nucleation zone, the shear stress drops abruptly to
the final level τf . Again, the medium properties are given by the first line of table 1.
After initiation, the rupture front propagates at sub-shear velocity. As its length increases, it becomes super-shear and finally approaches the P -wave velocity. Due to the
34 Andrews,

D., 1976, Rupture propagation with finite stress in antiplane strain, J. Geophys. res., 81,
3575-3582.
35 Andrews, D., 1976. Rupture velocity of plain strain shear cracks, J. Geophys. Res., 81, 5679-5687.
36 Mikumo, T. and Miyatake, T., 1978. Dynamical rupture process on a three-dimensional fault with
non-uniform frictions and near-field seismic waves, Geophys. J. R. Astr. Soc., 54, 417-438.
37 Day, S., 1982. Three-dimensional simulation of spontaneous rupture : the effect of nonuniform prestress,
Bull. seism. Soc. Am., 72, 1881-1902.
38 Das, S. and Kostrov, B., 1987. On the numerical boundary integral equation method for three-dimsnsion
dynamic shear crack problems, J. Appl. Mech., 54, 99-104.
39 Harris, R., Archuleta, R. and Day, S., 1991. Fault steps and the dynamic rupture process: 2-D numerical
simulations of a spontaneously propagating shear fracture, Geophys. res. Lett., 18, 893-896.
40 Ida, Y., 1972. Cohesive force across the tip of a longitudinal-shear crack and Griffith’s specific surface
energy, J. Geophys. Res., 77, 3796-3805.
41 Palmer, A., and Rice, J., 1973. The growth of slip surfaces in the progressive failure of overconsolidated
clay slopes, Proc. R. Soc. Lond., A332,527-548.
42 Day, S., Dalguer, L.A., Lapusta, N. and Liu, Y., 2005. Comparison of finite difference and boundary
integral solutions to three-dimensional spontaneous rupture, J. Geophys. Res., 110, B12307.
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Figure 6: Slip-weakening friction law. The curve represents the total shear stress as a
function of cumulative slip.
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Figure 7: Numerical solutions at a fault point located at at 6 km from the end of the nucleation zone.
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choice of the constitutive friction parameters, the rupture front exhibits the so-called bifurcation (Andrews (1976) : the rupture front jumps from a sub-shear to a super-shear regime.
Fig. 7d shows clearly that the observational point lies in a region where the rupture front
has reached the super-shear regime. One can see that the slip-rate peak (around 3 s) arrives
before the slip-rate perturbation due to the S-wave (around 3.5 s) traveling behind the rupture front. Fig. 7a and Fig. 7b show the evolution of the shear stress as a function of the
slip and slip-rate respectively. One can note that the linear constitutive law is respected.
Finally, Fig. 7c shows the slip history according to time. We notice that there is no slip
before the arrival of rupture front. Slope variations in the slip function around 3.5 s, 5 s
and 5.8 s correspond to the direct S-wave and two back propagating P - and S-waves arrest
pulses.
In order to check that our method does not depend on the fault orientation with respect to the Cartesian reference axis when rupture propagates spontaneously, we compare
seismograms computed around the same spontaneous rupture case with different source orientations. Fig. 8 shows the superposition of the velocity components in seven points located
around the fault, for six different fault orientations. We see a good agreement between all
signals. For comparison, velocity components are expressed in the local reference frame
(x0 , z 0 ). The constitutive values used for this test case are : τu = 1.7 MPa; τf = −2 MPa,
and δ0 = 0.2 m with an initial shear stress τ0 = 0 MPa. The nucleation zone is 1.5 km long
and lies on the left extremity of a 6 km fault. It is governed by the following parameters :
τu = τ0 = 0 MPa; τf = −10 MPa, and δ0 = 0.02 m.
Fig. 9 shows the superposition of the slip and the slip-rate in the middle point of the
spontaneous rupture region, for various fault orientations. Good estimates of the latter
are also seen independently of the orientation of the fault. Furthermore we clearly see the
P -stopping phase that abruptly changes the slip around 2 s after initiation (Fig. 9)
Fig. 9b shows that the rupture front travels at a super-shear regime. This is due to the
choice of the constitutive friction parameters (Das and Aki (1977)). Only small numerical
oscillations are found, suggesting that quite stable solutions have been constructed.

6.1

Convergence of The Spontaneous Crack Solution

We study again the influence of the mesh on numerical solutions. An essential requirement
(even though not sufficient) for an accurate numerical method is that numerical solutions
become independent of grid size. Since no theoretical solution is available for the spontaneous
crack problem, we look for mesh refinements that yield rupture history independent of
numerical discretization. During the steady crack propagation, the only physical length in
our problem is the size of the fault region lying just behind the rupture front where the
shear stress has not reached the dynamic friction level. This zone, known as the cohesive
zone, is the place in which the breakdown process happens. For this reason, its correct
sampling is a fundamental requirement for accurate rupture estimates. In order to yield
numerical solutions independent of grid discretization, the number of mesh segments inside
the cohesive zone, Nc , must be kept large enough. This quantity Nc represents the main
numerical parameter controlling the convergence of crack solutions. Of course, the smaller
the grid size along the fault h is, the bigger Nc is. So we expect to find some minimal value
for Nc that assures numerical convergence.
For the spontaneous crack propagation with a slip weakening friction law, the cohesive
zone is variable during the rupture and there is no a priori estimation of the numerical
mesh density for adequate description of this weakening law. Hence, the quantity N c we
consider in the following represents the average of all quantities Nc along the spontaneous
fault before the crack stops. The constitutive parameters for this simulation are τ u = 1.4
MPa; τf = −2 MPa, and δ0 = 0.25 m with an initial shear stress τ0 = 0 MPa. For the
initiation of the unilateral rupture, we impose the rupture in a 2 km long nucleation zone
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Figure 8: Velocity seismograms computed at seven points located around the fault, for six
different orientations (θ = 0˚, 9˚, 18˚, 27˚, 36˚ and 45˚ ).
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Figure 9: Superposition of the slip (a) and the slip rate (b) computed in the middle point of the spontaneous rupture for six different fault inclination angles (θ =
0˚, 9˚, 18˚, 27˚, 36˚ and 45˚ )
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Figure 11: Difference in time of rupture as a function of the mesh size (left) and the number
of mesh segments inside the cohesive zone (right), relative to a reference solution.
at one extremity of a 6 km fault. In this nucleation zone, the shear stress drops abruptly to
the final level τf . Due to this choice of the constitutive parameters, the fault propagates at
a sub-shear regime. This case is more suitable for the determination of the cohesive zone
than the super-shear regime for which this process zone is extremely variable.
Fig. 10 shows the superposition of the slip rate on a point located at the middle of the
spontaneous fault (left panel) and the fault length (right panel) as function of the time for
five different meshes. The solutions are clearly dependent on mesh refinement. One can see
that the mesh refinement induces the convergence of the different computed solutions to the
finest one. The rupture times converge toward the same value when the mesh size become
smaller or equal than 50 m.
Figs. 11 show the root mean square (RMS) of the rupture time difference (in percentage)
as a function of the mesh size along the crack h for the left panel, and as a function of the
number of mesh segments inside the cohesive zone Nc for the right panel. The plotted circles
represent the RMS difference of rupture times relative to a finest mesh. The rupture time of
a point on the fault plane is defined as the time at which the shear stress exceeds the yield
stress τu . We used a numerical solution computed with mesh size h = 10 m as reference
solution. The RMS differences follow a power law with estimated exponent between 1.8 and
2.1. These results seem in agreement with those found in Day et al. (2005).
Although this study is not yet quantitative since no independent reference solution was
considered, these numerical comparisons allow us to estimate the minimal number of mesh
segments inside the cohesive zone, Nc , which should be greater than eight for making the
solution rather independent of the mesh definition.
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6.2

Comparison With a Finite Difference Method

As we pointed out in the previous subsection, the convergence of solutions when the mesh is
refined is not sufficient to guarantee the accuracy of the numerical result when no theoretical
solution exists (Day and Ely (2002)43 ). The comparison of different numerical methods can
be helpful for this kind of problems. In what follows, we proceed to a comparison of the
finite volume method we propose with a finite difference method introduced and validated by
Cruz (2006)44 and Cruz et al. (2006)45 using a complete different numerical implementation
of boundary conditions based on a strong treatment inside elements neighbouring the crack
surface. This comparison validates the boundary conditions of our FV approach since both
methods give quite similar solutions.
Let us consider a dynamic crack problem with the slip weakening law (51). We select
again medium properties using the first line of table 1 and numerical parameters using the
line M5 of table 2. Since the crack propagation velocity depends on the material strength
τu , we tested two cases for which only τu is changed. For the first case, we choose τu = 1.4
MPa: the rupture propagates in a sub-shear regime. For the second case τu = 0.5 MPa:
the rupture propagates in a super-shear regime. The other constitutive parameters are the
same for both cases and are the following : τf = −2 MPa and δ0 = 0.25 m. For rupture
initiation, we impose a 2 km nucleation zone in which the shear stress drops abruptly to a
final level τf .
Figs. 12(a) and 12(b) show respectively a comparison between the numerical solutions
(for the finite difference method see Cruz and Virieux (2004) of the shear stress and the
slip rate for the two test cases. The three observation points are located at L/2, 2L/3 and
3L/4, where L = 4000 m is the final spontaneous fault length (out of the nucleation zone).
Results were obtained with h = 10 m for the two methods. Solutions are fairly similar for
both rupture cases. Only small differences on the peak of the slip rate can be noted mainly
in the sub-shear case. In the super-shear case, both the time history and the amplitude of
the seismograms are almost identical.
The rupture velocity is a critical parameter that strongly depends on the local properties
of the solution. The crack tip evolves similarly for both numerical methods. Fig. 13 provides
a quite impressive agreement between the FV method and the FD method for the dynamic
crack tip position as a function of the time. We are confident not only in the convergence of
our numerical scheme but also in the precision of the numerical solution we have obtained.

7

Non-Planar Fault Geometry

Triangular unstructured meshes used along this study allow us to consider both planar and
non-planar fault geometries. Moreover, all variables of the system are computed in the same
control volume while the rupture geometry is defined by preselected edges which may break
or not. Let us underline that this discretisation of the fault will depend on the mesh we
use but the fault line will be sampled by edges and not by stair-cases which allows far more
flexibility than the one proposed by FD methods. The Finite Volume scheme is quite adapted
for both heterogeneous media and complex structures of faulting. As an illustration of this
flexibility, a complex test case dealing with a spontaneous rupture crossing a heterogeneity
is now presented.
43 Day, S. and Ely, G.P., 2002. Effect of a shallow weak zone on fault rupture : Numerical simulation of
scale-model experiments, Bull. seismol. Soc. Am., 92, 3022-3041.
44 Cruz-Atienza, V.M., 2006. Rupture dynamique des failles non planaires en différences finies, PhD
thesis, University of Nice-Sophia Antipolis, France.
45 Cruz-Atienza, V.M., Virieux, J. and Aochi, H., 2006. 3D finite difference dynamic rupture modelling
along non-planar faults, submitted to Geophysics.
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Figure 12: Comparison of the shear stress and the slip rate solutions obtained by our finite
volume scheme and the finite difference method, in three points located on the crack surface.
The rupture propagates at (a) sub-shear regime, and (b) super-shear regime.
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Figure 13: Rupture length function of the time for two cases. The left panel shows that the
crack propagates at a sub-shear regime, while the right panel shows that the crack propagates
at a super-shear regime.
Table 1: Constitutive parameters of different media. Quantities Vp et Vs are respectively
the P - and S-waves and the density is denoted by ρ. The LVZ values are used only for the
last example.

Medium
LVZ

7.1

Vp (m s−1 )

Vs (m s−1 )

ρ (kg m−3 )

4000
2200

2300
1300

2500
1400

Complex Fault Geometry In Heterogeneous Media

Let us consider a non-planar fault propagating in a heterogeneous medium. The rupture
crosses a low velocity zone LVZ during its evolution. Table 1 shows the different elastic
properties of both media. The fault is governed by the SW friction law (51).
Fig. 14 shows a snapshot of the horizontal velocity vx at 4 s after initiation. The rupture
is 14.3 km long with a 1 km long nucleation zone located at the left edge of the fault, while
the LVZ (circular dashed line) has a diameter of 4 km. The various constitutive parameters
used for this simulation are : τu = 1.5 MPa; τf = −3.3 MPa, and δ0 = 0.05 m with an initial
shear stress τ0 = 0 MPa. The nucleation zone is governed by the following parameters :
τu = τ0 = 0 MPa; τf = −10 MPa, and δ0 = 0.02 m.
The unilateral rupture propagates rightwards at super-shear velocity. The crack tip
velocity reaches the S-wave velocity and approaches the P -wave one. Results are similar to
those presented by Cruz-Atienza and Virieux (2004), showing that the LVZ has important
consequences. We have found that the crack tip velocity abruptly decreases inside such a
zone, due to the direct relationship between the SW friction law and the elastic properties
of the medium. We have also found an important increase of the slip and slip rate functions
inside this zone. Furthermore, we can clearly identify in Fig. 14 the reflected P - and S-waves
on the interface between the two media, especially inside the LVZ where back-propagating
trapped waves are generated.

8

Conclusion

A new flexible finite volume method to simulate the spontaneous growth of an in-plane shear
crack has been presented. Thanks to an appropriate change of variables, all parameters of
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Table 2: Different meshes and associated numerical quantities.
h(m)

∆t(10−3 s)

vertex number

triangles number

M1

100

7

4347

8452

M2

50

3

6037

11820

M3

25

1.5

14425

28536

M4

20

1.2

24681

49012

M5

10

0.6

54309

108180

M6

5

0.4

96573

192692

Mesh

Vx (m/s)
0.8

0.4

0
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Figure 14: Snapshot of the horizontal particle velocity vx four second after rupture initiation.
The non-planar fault grows through a circular low velocity zone (LVZ). Spontaneous rupture
propagating rightwards is governed by the slip weakening friction law (equation (51)).
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the medium are grouped on the left hand side of the elastodynamic equations and integration
can be made even if the medium contains heterogeneities. The study of a suitable discrete
expression of energy allows us to define the appropriate fracture boundary conditions to be
imposed on the crack surface. The shear stress flux integral is set instead of the shear stress
itself when applying boundary conditions. This makes the fracture to have no thickness, so
both crack blocs only interact through the fracture traction vector. Consequently, different
elastic properties at both sides of the fracture can be properly considered (e.g. bi-materials
cracks). Numerically, this corresponds to the weak treatment of boundary conditions (set
on fluxes), instead of a strong treatment of boundary conditions (set on elastic fields values).
Spurious high frequency content in elastic fields at the vicinity of the crack tip is reduced as
we reduce the mesh size near the fault surface, and the solution has a smoother behaviour as
appropriate dissipation terms are added. Unstructured triangular meshes allow us to do this
without important supplementary memory requirement. The comparison between numerical
and analytical solutions for the self-similar constant velocity case, as well as comparisons
made with an independent finite difference method (Cruz and Virieux (2004)) for different
spontaneous rupture cases, revealed a very good agreement between the solutions, validating
thus our approach for any kind of rupture geometry. The study of the influence of the
mesh refinement on the numerical solutions shows that solutions are accurate enough if at
least eight fault segments are found to be inside the cohesive zone. Finally we illustrate
the robustness of our method by performing a simulation for a non-planar fault geometry
embedded in a heterogeneous medium. Results are in agreement with our expectations
about the presence of low velocity zones during the dynamic rupture propagation.
The finite volume method we propose seems to be a good alternative to the widely
used finite difference and finite element methods, due to its geometrical flexibility and low
computational cost. It is proved that this method is a second order space accuracy over
a structured mesh (see Remaki (2000)46 for instance). The use of discontinuous Galerkin
methods (DG), which can be thought as a finite volume methods of higher order, will improve
the solution accuracy and should be investigated in future works.
Our study has been restricted to 2D space domain, although the extension to 3D space
domain of the numerical rupture model does not required supplementary theoretical considerations. Only the computer task is more intensive.
APPENDIX A
We shall express the mechanical energy with respect to the stress components ~γ . Because
the stress tensor is symmetric, it is somehow easier to write it down in a vectorial form as


σxx
~σ =  σzz 
σxz
and it is straightforward to check the following equality
~σ = M ~γ
where

(54)


1 1 0
M =  1 −1 0  .
0 0 1


We need to introduce as well the deformation tensor


εxx εxz
ε=
εzx εzz
46 Remaki,

M., 2000. A new finite volume scheme for solving Maxwell system, COMPEL, 19(3), 913-932.
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1 ∂ ux
∂ uz
∂ uz
∂ ux
, εxz = εzx = (
+
) and εzz =
. Because the ε is also
where εxx =
∂x
2 ∂z
∂x
∂z
symmetric, we can write it down in vectorial form as


∂ ux


∂x






∂ uz

.
~ε = 

∂z




 ∂u
∂ uz 
x
+
∂z
∂x
For an elastic medium, the generalized Hooke’s law links deformation and stress through
the linear relationship
(55)
~ε = C ~σ
with




λ
0

4(λ + µ)
1


λ+2µ
.
C= 
0 

µ
4(λ + µ)
0
1
R 1t
Therefore the mechanical energy defined as Em = Ω 2 ~σ · ~ε should be expressed with
deformation or stress only. Because we consider a crack problem, we express the mechanical
energy with stress components. By equations (54) and (55), we find
Z
1t
~σ C ~σ
Em =
2
ZΩ
1t
=
~γ Λ̃ ~γ
Ω 2
Z
1
1
1 2
=
T 2 + T 02 + σxz
µ
µ
Ω λ+µ
λ +2µ
4(λ + µ)
λ
−
4(λ + µ)
0

−

where the matrix Λ̃ stands for M C M (as M is symmetric).
APPENDIX B
The discrete total energy inside the cell Ti at time n, expressed as


1
n− 1
n+ 1
(56)
Ein = Ai ρi t (vi 2 ) vi 2 + t (γin ) Λ̃i γin ,
2
could vary in time when we apply boundary conditions. The variation of this total energy
between times n and n + 1 is
2 ∆Ein = 2 (Ein+1 − Ein )
n+ 12

= Ai ρi t (vi
+

n+ 23

) (vi

Ai (γin+1
t

+

n− 21

− vi

γin ) Λ̃i

)

(γin+1

− γin )

thanks to the symmetry of the matrix Λ̃i . From equations (27)-(28), we may deduce
X
1
2 ∆Ein
[n+ 1 ]
[n+ 1 ]
t n+ 2
=
(vi
) Nij (γi 2 + γj 2 )
∆t
j∈V (i)

[n+ 12 ] t

+ t (γi

n+ 21

) Nij (vi
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n+ 21

+ vj

).

(57)

Normal vectors inside a cell should verify the following consistent relationship,
Z
Z
X
~ dxdz = 0 =⇒
1.N dS =
∇1
Nij = 0.
∂Ti

Ti

(58)

j∈V (i)

Thus the local discrete energy variation is simplified into the expression,
X
2 ∆Ein
=
∆t

t

n+ 21

(vi

[n+ 12 ]

) Nij γj

[n+ 12 ] t

+ t (γi

n+ 21

) Nij vj

(59)

j∈V (i)

and allows us to estimate the total discrete energy variation over cells by the following
expression,
2 ∆E n = 2 (E n+1 − E n )
X X
1
[n+ 1 ]
[n+ 1 ]
n+ 1
t n+ 2
(vi
= ∆t
) Nij γj 2 + t (γi 2 ) t Nij vj 2
i

j∈V (i)

internal
X h

= ∆t

t

n+ 21

(vi

[n+ 12 ]

) Nij γj

interf aces
n+ 12

+ t (vj
+ ∆t

external
X h

t

n+ 12

(vi

[n+ 12 ]

) Nji γi

[n+ 12 ]

) Nij γj

+

t



[n+ 21 ]

γi



t

n+ 12

Nij vj

[n+ 12 ] t

+ t (γj

[n+ 21 ] t

+ t (γi

n+ 21

) Nji vi

n+ 12

) Nij vj

interf aces

i

i

Since we have this conventional identity Nji = −Nij and since the velocity vector is discontinuous across crack surface Γ, we may deduce the time variation of the total discrete
energy as
E n+1 = E n +

i
∆t X h t n+ 12
[n+ 1 ]
[n+ 1 ]
n+ 1
(vi
) Nij γj 2 + t (γi 2 ) t Nij vj 2
2
i,j ∈ Γ

relating to the elastic energy release into the medium along the crack edge.
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(60)

II
II.1

Partner 2 : LGIT
Spectral element method

The description of the spectral element formulation is proposed at the end of the WP3.1
section.
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III Partner 3 : BRGM
III.1 FDM-FEM coupling

Some improvements of the numerical tools available at brgm have been performed during the
2nd semester of 2006 and first semester of 2007, in order to perform quantitative ground
motion assessment on various scales, from the seismic source to ground surface, accounting
for topography, heterogeneities inside the medium and complex behaviour at local scales
(attenuation, non-linearity and free surface effects).
Simulation of the dynamic rupture on non planar faults is performed using the boundary
element method (BIEM) and serves as input to a finite difference code (Onde3d, FDM),
which estimates the wave propagation in an semi-infinite elastic medium. A coupling is then
performed between the FDM code and a finite element program (Gefdyn, FEM), which is
able to simulate complex inelastic soil behaviors (Fig. 3.1.1). During this second period, the
coupling procedure between FDM and FEM codes using an absorbing boundary condition
(paraxial approximation) in the FEM code, has been developed and validated in 2D with
planar free surface. Future steps in this task will consist in:
i)
improving the absorbing condition (e.g. increasing order of approximation), as
spurious numerical oscillations were observed due to multiple reflections
depending on the input wave incidence;
ii)
validating the procedure in 2D considering a non planar topography;
iii)
validating in 3D;
iv)
and finally, applying the procedure for real case simulations (e.g. in the Nice
region).

Site = FEM
Non linear seismic response

Propagation = FDM

Coupling FDM-FEM : Input
of propagating waves and
absorbing condition on
the site boundaries

Onde3D
Scattered grid (4th order in space)
Elastic media

Source = BIEM
Non planar fault geometry

Fig. 3.1.1: Procedure at brgm, to simulate wave propagation from the source to the ground
surface.
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IV Partner 4 : CEA
Discrete Element Method for seismological applications.
(Mariotti Christian, Le Piver Françoise)
This report presents some evaluation of the discrete element code Mka3D. In particular, we
are presenting a comparison between Mka3D and a spectral code in a 2D case.
IV.1 Introduction

The Mka3D code has initially been developed at CEA in order to model rock
damaging under rapid dynamic solicitations (explosion, impact, projectile).
element method can also be used in the elastodynamic domain. The medium is
polyhedral particles (shape from Voronoi decomposition) which interacts
(attractive and repulsive interaction) following the general mechanic equations.

and concrete
The discrete
composed of
each others

IV.2 Integration of the spectral code SEM

It was necessary for us to carry out specific developments on spectral code SEM [Komatitsch]
in order to adapt it to our tools of mesh and post treatment (Ensight code). This work was
completed in a structuring of the parallel data in order to be able to carry out at the same time
a calculation SEM and a post parallels treatment. In the same way, it was necessary to put at
the format of entry of code SEM a distribution of meshes between various processors. In
order to validate these developments, we carried out a case with the same basic mesh with
code SEM and the Mka3D code. The comparison of sensors makes it possible to validate the
two codes on a case 2D presenting a geological topography and two mediums with a strong
contrast of impedance.
IV.3 Case of validation.
IV.3.1 Lamb problem.

In order to make seismic calculations, an elastic formulation of the Mka3D code has been
completed and basic validation tests have been realized. The Lamb problem (Lamb, 1904) is a
classical test, often used to quantify the misfit between the simulation results and the
analytical solution. In this case, the wave is generated by a vertical force applied at the free
surface and propagates in a linear elastic half space. In the Lamb problem, 3 waves are
generated: a P-wave, an S-wave and Rayleigh wave propagation at the free surface (Figure
3.1.1). The main feature of this test belongs in having a Rayleigh wave propagation without
attenuation and dispersion at the free surface.
Figure WP3-1.1 :
Particle velocity
modulus
computed using
Mka3D code.
P, S and Rayleigh
waves can be seen
as well as the
corner wave.
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This Lamb test has been validated both in the 2D and in 3D. This seismic test shows that this
numerical approach is pertinent to reproduce wave propagation over large distances (no
dispersion over 50 wavelengths). The wave chronology and restitution is perfectly verified
(P-, S- and Rayleigh-wave).
Next year, Mka3D code will be coupled with a Spectral Element Method in order to simulate
realistic seismic source and to benefit of Boundary Absorbing Condition (PML) already
implemented in SEM.
IV.3.2 Hemispherical valley.

We simulate here a hemispherical valley (Figure 1) of soil in a rock structure with topography
of 5 km length and 2 km height (see table 1 of the properties).
Table 1: Properties of the geological mediums

soil
Rock

Density
(kg/m3
2140
2720

Vp (m/s)

Vs (m/s)

1450
5600

300
3200

We place in the soil a vertical strength defined by a signal of Ricker of central frequency of 1
Hz and amplitude 106 N (Figure 2) and we compare on two sensors (one in the soil and the
other one in the rock, Figure 2) the results between the code SEM and the code Mka3D
(Figures 3 and 4). The punctual source is placed in coordinates x = 13 m and = 495 m.
For code SEM, we have 490 elements in the mesh with 9 points of Gauss in each direction
(81 points of Gauss by elements) what represents approximately 25 000 points of Gauss. For
Mka3D, we take 94 000 particles (approximately 4 times more particles than points of
Gauss). We note on the sensors that the two codes give identical signals (Figures 3 and 4). For
the computing time, one needs approximately 8 times more time CPU for Mka3D than for
code SEM. This is normal insofar as one needs only 5 points per wavelength for code SEM
against 10 for the Mka3D code; moreover, code SEM treats only two degrees of freedom
(displacements) against three for the code Mka3D (displacement and rotation). We can see on
figures 5 and 6, the field velocity which shows the trapping of the waves in the sedimentary
basin.
Face(Figure) 1: display of the meshing 2D of the code SEM and the position of the sensors.
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Figure 2: Vertical force on the point source.

Figure 3: Displacements in X and Y on the sensor in the soil. Comparison between SEM and
the difference with Mka3D.

Figure 4: Displacements in X and Y on the sensor in the rock. Comparison between SEM and
the difference with Mka3D.
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Figure 5: velocity in m/s at 2,5 s (top) and 6,5 s (bottom).
IV.4 CONCLUSION

In this report, we show a first phase of validation of code Mka3D. We can see that on a case
with topography and geological mediums having a strong contrast between speeds of the
waves S, the two codes Mka3D and SEM give the same solution. As we could expect it, code
SEM requires approximately 8 times less time CPU on a 2D problem. This comes from the
number of points per wavelength necessary (5 for code SEM against 10 for the Mka3D code).
IV.5 RÉFÉRENCES :
Komatitsch D., Méthodes spectrales et éléments spectraux pour l’équation de l’élastodynamique 2D
et 3D en milieu hétérogène., Thèse de Doctorat, IPG Paris, 1997.
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V

Partner 5 : LCPC

V.1 Finite element method : an extension of Nearly Constant Q models to model the nonlinear
dynamic behaviour of soils.

N. Delépine1, G. Bonnet2, J-F Semblat1 & L. Lenti1,3
1
LCPC, 58 bd Lefebvre, 75732 Paris Cedex 15, France
2
Université de Marne-la-Vallée, Champs-sur-Marne, France
3
IRSN, Fontenay-aux-Roses, France
V.1.1

Introduction

The analysis of seismic wave propagation in alluvial basins is a difficult task since various phenomena
are involved at different scales: resonance at the scale of the whole basin (Semblat & al., 2003),
surface waves generation at the basin edges (Delépine & Semblat, 2005), soil non linear behaviour at
the geotechnical scale (Bonilla et al., 2006), strong motion… It is not easy to handle all these different
features of seismic wave propagation at the same time although the interaction between, for instance,
surface wave generation and shear modulus decrease could be strong. The impact on the amplification
process could then be very large and the classical interpretation of the phenomena may be distorted.
Non linear soil behavior is very important in case of strong ground motion since the mechanical
features of many soils depend on the excitation level, the loading history... Various approaches are
possible to model this dependence: equivalent linear model, non linear cyclic constitutive laws,
elastic-plastic laws.
The first model suggested to model the non-linearity is the equivalent linear model (Schnabel et al.,
1972). This approach attempted to simplify the non-linear problem by solving equations in the
frequency domain. This model is the most used because of its simplicity (e.g. SHAKE software).
Recent researches have tried to attenuate the main drawback of this model, that is the over-damping of
higher frequencies (cf. Figure 9). They have introduced frequency and pressure dependences of
sediment layer parameters (Sugito & al., 1996, Kausel & Assimaki, 2002). This extension may induce
some convergence problems in the algorithm (Bonilla, pers. com.).
Concerning the nonlinear models, another family of models considers both the hyperbolic law and the
Masing criteria (Masing, 1926). Different approaches are based on these two rules, including variation
and extension of the method. For example, Matasovic (1993) and Matasovic and Vucetic (1995)
suggest a model with a modified hyperbolic law. Other models include dependence of confining
pressure (Hashash & Park, 2001 & Park & Hashash, 2004) and pore pressure (Bonilla et al., 2005).
To fill the gab between these 2 family of models (equivalent linear and nonlinear), we propose herein
a model of intermediate complexity: it involves both non linear elasticity and non linear viscosity.
This viscoelastic nonlinear model is designed to approximate the nonlinear hysteretic behavior of
surficial soils, with only one nonlinear input parameter.

V.1.2

MECHANICAL FORMULATION

Features of the non linear behaviour considered
The non linear behavior of the soil is supposed to be characterized by the following properties of
elasticity and viscosity:
A/ Elastic part: We consider that the shear modulus depends on the shear strain and decreases
following the hyperbolic law :

G (γ ) =

G0
1+ α γ

Such hyperbolic law is presented in the papers of Hardin & Drnevich (1972).
B/ Viscous part: the soil damping also depends on the strain, with the following law :
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(1)

⎛

β (γ ) = β 0 + ( β max − β 0 ) ⋅ ⎜⎜1 −
⎝

with β 0 =

G (γ ) ⎞
⎟
G0 ⎟⎠

(2)

1
, Q0 , the quality factor for low strain values & β max the viscosity at the maximum
2 ⋅ Q0

strain values. This equation has already been suggested by different authors (Heitz, 1989, El Hosri,
1984). It is an extension of the equation proposed by Hardin & Drnevich (1972).
C/ Principle of causality: in this viscoelastic model, we use a quality factor Q depending of the
frequency. We consider the generalized Maxwell body (Semblat, 1997) and follow the implementation
suggested by Emmerich et Korn (1987).
The main hypothesis is that the relaxation function only consists in n single peaks of amplitudes l j at
discrete relaxation frequencies ω j . We are looking for a nearly constant quality factor for a chosen
frequency range (Near Constant Q model).
In the linear viscoelastic case, the stress-strain relationship is written as follows:
n

τ (t ) = G0 (γ − ∑ ζ j (t ))

(3)

j =1

ζ j are the coefficients of the relaxation function, solution of the following first order equation
(Emmerich & Korn, 1987): ζ& j (t ) + ω j ⋅ ζ j (t ) = ω j

y j ,0
n

1 + ∑ y j ,0

γ (t )

j =1

where ‘j’ corresponds to the Maxwell cell considered. We have chosen ‘n’ Maxwell cells, to obtain a
quasi-constant Q value for a chosen frequency range. The y j , 0 values are function of the unrelaxed
and relaxed modulus of each Maxwell cell. So we also have to solve ‘n’ differential equations.
To obtain a nonlinear viscosity (B), we introduce the function y j (γ ) depending of strain (Equation
(2) ) as follow: y j (γ ) =

β (γ )
y j ,0 .
β0

Then the complete stress-strain equation (3) becomes:
n

τ (t ) = G (γ ) ⋅ (γ − ∑ ζ j (t , y j (t , γ )))

(4)

j =1

Equation to solve
Our aim is to solve the following equation:

with τ , the horizontal stress.
V.1.3

∂
∂ 2u
τ −ρ 2 =0
∂z
∂ t

(5)

NUMERICAL FORMULATION

We implemented the model in the framework of the finite element method. We considered a 1D
model, composed with quadratic finite elements under vertical SH waves. As shown in Figure 1, we
have 1 degree of freedom per node. In the following, matrices are denoted with square brackets ‘[..]’
and vectors with braces ‘{…}’ .

45

Figure 1. 1D model for a layered soil deposit
The equation of motion of our model, with the nonlinear viscosity and elasticity parts, is written as
follows:
[M ] ⋅ {a n } + C f ⋅ {vn } + {Pe (u n )} − {Pv (u n )} = {Fn }
(6)

[ ]

with M, Pe & Pv the mass , stiffness and viscous damping matrices of the system.
The matrix C f corresponds to the radiation condition at the substratum/sediments interface.
We also have the differential equation system corresponding to the linear viscosity:

ζ& j + ω j ⋅ ζ j = ω j

y j (γ )
n

1 + ∑ y j (γ )

γ

(7)

j =1

Algorithm considered
-IMPLICIT CASE
Time integration method
For the time domain integration, we choose the method called, a-HHT-method (Hughes, 1987). The
method is an extension of the Newmark formulation, considering an attenuation of the high
frequencies. The method is based on the two following equations. For the velocity and displacement,
we have respectively:
v n +1 = v n + ∆t ⋅ [(1 − β 1 )a n + β1 a n +1 ]
(8)

∆t 2
⋅ [(1 − β 2 )a n + β 2 a n +1 ]
(9)
2
(1 − 2α HHT )
(1 − α HHT ) 2
and β 2 =
are parameters governing the stability and numerical
with β 1 =
2
2
dissipation of the algorithm. According to Hughes (1987), for α HHT = [−1 / 3;0] , the method is
u n +1 = u n + ∆t ⋅ v n +

unconditionally stable.
We consider that, at time n ⋅ dt , we know the expressions of the displacement, velocity and
acceleration at all nodes. The aim is to find at time (n + 1) ⋅ dt the acceleration a n +1 . The equation of
motion in our case becomes with the previous equations for u and v:

([M ] + (1 + α

HHT

[ ]

) β 1 ∆t C f ) ⋅ {a n +1 } + (1 + α HHT )({Pe (u n +1 )} − {Pv (u n +1 )})

[ ]

{

− α HHT ({Pe (u n )} − {Pv (u n )}) + C f ⋅ ({v n } + (1 + α HHT )∆t (1 − β 1 ) ⋅ {a n }) = Fn +α HHT
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}

(10)

To find the acceleration value a n +1 , we combine the Newmark method with the Newton-Raphson
algorithm explained in the following.
To estimate the ζ n +1 coefficients of the relaxation function, solution of the first order differential
equation, we use Crank-Nicolson procedure (Zienkewicz, 2005):

⎞
⎛
⎟
⎜
y j (γ )
⎛ ∆t ⎞ ⎜
⎛ & ∆t ⎞
γ n ⎟⎟
= ⎜1 + ω j ⎟ ⋅ ⎜ − ω j ⋅ ⎜ ζ n + ζ n ⎟ + ω j
n
2
2
⎝
⎠
⎝
⎠
1 + ∑ y j (γ ) ⎟⎟
⎜⎜
j =1
⎠
⎝
−1

ζ&n +1

(11)

The solution ζ n +1 comes by combining the equation just below in the Taylor series expansion:

ζ n +1 = ζ n +

∆t & ∆t &
⋅ ζ n + ζ n +1
2
2

Nonlinear integration
For nonlinear aspect, we use the Newton-Raphson’s algorithm. We introduce the variable Ψ , defined
as follows:
{ψ ( a n +1 )} = ([M ] + (1 + α HHT ) β 1 ∆t ⋅ [C f ]) ⋅ {a n +1 } + (1 + α HHT )({Pe (u( n +1 )} − {Pv (u( n +1 )})

[ ]

+ C f ⋅ ({v n } + (1 + α HHT ) ∆ t ⋅ (1 − β 1 ) ⋅ {a n }) − {Fn +1 } = 0

(

with u n +1 = u n + ∆t ⋅ v n +

∆t
⋅ (1 − β 2 )a n
2
2

The aim of the method is to approximate the solution of the nonlinear equation with successive linear
equations using Taylor series expansion. Considering the function ψ (a ni +1 ) , its partial derivative

∂Ψ (a ni +1 )
, and an initial value a n0+1 , we have an iterative process to approach a solution of the
∂a n +1
equation {ψ (a n +1 )} = {0} :

{a } = {a }
i +1
n +1

i
n +1

−1

⎡ ∂Ψ (a ni +1 ) ⎤
i
−⎢
⎥ ⋅ Ψ (a n +1 )
⎣ ∂a n +1 ⎦

{

}

(12)

At step ‘i’, the Newton formulation is written as follows:
−1

⎛
⎞
∆t 2
(
(
⋅ Kt e (u ni +1 ) − Kt v (u ni +1 ) ⎟⎟ ⋅ Ψ (a ni +1 )
δa = ⎜⎜ [M ] + β1 ⋅ ∆t ⋅ C f + β 2 ⋅
(13)
2
⎝
⎠
-EXPLICIT CASE
We also use the Newmark method, with β 1 = 1 / 2 and β 2 = 0 . We immediately obtain (Equation 9):
(
u n +1 = u n +1 .
(
−1
a n +1 = ([M ] + β1 ⋅ ∆t ⋅ C f ) ⋅ {Fn +1 − (Pe (u n +1 ) − Pv (u n +1 ) + C f ⋅ v n +1 )} .

{

{ }

V.1.4

i
n +1

([

[ ]

}

[ ]

] [

]) {

}

[ ]

VALIDATION of the non linear model

Model description
Considering a homogeneous non linear layer, the ground motion is computed with and without non
linear viscosity. We chose a sedimentary layer of thickness 70m, with a non linear elastic behavior
(Figure 2). We choose a large thickness for the sedimentary layer to be able to separate the reflected
wave from the incident one at the interface. In actual situations non-linear phenomena generally occur
in the first 30 meters subsurface heterogeneous layers.
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Figure 2. Profile used to validate the model
The soil layer is subjected to a 2nd order Ricker signal of amplitude 0.1g and frequency 3Hz (Figure 4).
We use the hyperbolic law, to describe G (γ ) function with a coefficient α to balance the degree of
non-linearity. Comparing to Idriss (1990), we choose α = 1000 (Figure 3).
We use the implicit formulation in the following.

Figure 3. Variations of functions G vs γ for different α (500, 1000 & 2000) for clay (left)
and sand (right) and comparison with experimental results from Idriss (1990) .
Soil response for non linear undamped elasticity
Figure 4a: In the case of undamped non linear elasticity, the time domain results (Figure 4) at the
bottom, the middle & the top of the layer (free surface) are displayed. We filtered the results between
0.05 and 10Hz. Output signal at the surface is divided by 2. Generally for the output signals, we obtain
PGA values higher than the input one. The higher PGA values can be explained with the generation of
the higher frequency peaks due to the non linear effects.
On Figure 4b spectra, some peaks are generated at high frequency, the fundamental frequency f 0
being 3Hz. These peaks correspond to harmonics at 3 f 0 and 5 f 0 , but nothing at 2 f 0 . We also see
the effect of the filter on the high frequency components generated.
Figure 4c displays some energy curves during the propagation of the Ricker signal: the energy balance
appears to be satisfied.
On the stress-strain curve in Figure 4d, we clearly observe the reduction of the shear modulus G0
induced by the hyperbolic consitutive law.
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Figure 4. (a): Time domain response (acceleration) to a Ricker signal (f0=3Hz) at the bottom,
middle and top of a sedimentary layer (nonlinear elastic model α = 1000 ).
(b): Fourier transform of the signal. (c): Dissipated energy. (d): Stress-strain curves.

Figure 5. Left: Time domain response of the sedimentary layer (acceleration) to a Ricker signal
(order 2-f0=3Hz). Comparison of the linear & nonlinear elastic model ( α = 1000 )
at the bottom & middle. Right: corresponding strain for the same points and cases
The Fourier transform graph and stress strain curve of Figure 4, are in good agreement with the
constitutive equation in the nonlinear elastic case (2nd order perturbation) studied by Van Den Abeele
et al. (2000).
When the strain grows up, we have a reduction of the shear modulus, then a reduction of the shear
velocity: for example reflected waves arrive later in the nonlinear case (Figure 5). But more precisely,
we have a time difference between arrival times of signal’s part with large & low strains. Such
phenomena explain the reduction of the first acceleration peak (negative value) of the Ricker wavelet
(Figure 5). Afterwards the part of the signal with larger strains is combined with the 2nd peak of the
Ricker signal. We then have a phase difference of the signal as a function of strain. One can also
notice a delay in the strain (Figure 5) between the linear & nonlinear cases: we observe a dissymmetry
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in the signal for the nonlinear case. Each extremum of strain generates high frequency components.
Peaks at a certain frequency and amplitude consequently give higher values at higher frequencies.
Layer response for non linear viscoelasticity
The analysis is then performed with a nonlinear viscoelastic model with a nonlinear viscosity. As
depicted in Figure 6, we consider a nearly constant quality factor function for γ = 0 . This quality
factor is reduced when γ ≠ 0 (Equation 2).

Figure 6. Quality factor (Q=20) as a nearly constant function of frequency

Figure 7. a: Time domain response of the sedimentary layer (viscoelastic nonlinear model
α = 1000 , Q=20 & β max = 0.25 ) at the bottom-middle and top to a Ricker signal (f0=3Hz).
b: Fourier transform of the signal. c: Dissipated energy. d: Stress-strain curves.
In Figure 7a, the spikes observed in the acceleratio curves for the non linear elastic case are still
present, but are decreased due to the viscosity. On the stress-strain graph (Figure 7d), the surface
displayed corresponds to the dissipation in the medium.
As in the case of non linear elasticity, the Fourier spectra in Figure 7b show higher frequency
components. Spectral harmonics due to the non linear behavior are still found in the non linear
viscoelastic response.
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The influence of damping is also obvious on the energy curves in Figure 7c (dissipation during the
propagation of the Ricker signal).
The stress-strain diagrams in Figure 7d show a reduction of the shear modulus of approximately 30%.
Comparing to the non linear elastic case with the same input motion, larger strain values are observed
with nonlinear viscosity.
It should be mentioned that we obtain the same results with the implicit & the explicit formulations.
V.1.5

Non linear response for an actual quake

We complete the analysis with real acceleration data obtained during Northridge earthquake (1994),
recorded at Topanga station. We consider the complete nonlinear viscoelastic model for a
homogeneous soil layer, 30 m deep (Vs=200m/s) overlaying an elastic bedrock (Vs=400m/s). We use
the G (γ ) and D(γ ) curvesdisplayed in Figure 8 (α=500).

Figure 8. G (γ ) and D(γ ) curves with: α = 500 , β 0 = 0.0125 & β max = 0.25 )

Figure 9. a: Time domain response (Accelerometer) of the sedimentary layer (nonlinear
viscoelastic model α = 500 , β 0 = 0.0125 & β max = 0.25 ) at the bottom to the Northridge
earthquake (01/17/94-Topanga station).
b: Fourier transform of the signal. c: Velocity response. d: Stress-strain curves.
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Figure 10. Top: input acceleration (Northridge earthquake). Middle: result at the free surface
with the nonlinear viscoelastic model. Bottom: result at the same point with a equivalent linear
approach (EduSHAKE)
The results displayed in Figure 9 are filtered with a Butterworth band-pass filter (0.1-20Hz). In the
time domain, we observe repetitive spikes, especially between 20-24s, the PGA is one of them. Such
spike shapes have already been recorded on hysteretic behavior of soil (Kushiro-Oki earthquake 1993,
Iai et al., 1995). On the stress-strain curve, we observe a large reduction of the shear modulus (2 times
lower than in the linear viscoelastic case). On the Fourier spectra, high frequency peaks are generated
at the top of the layer, and some frequency values are shifted to lower frequencies. Finally, the strain
dependent damping is obvious on the stress-strain loops (Figure 9).
Considering the same parameters ( G (γ ) and D(γ ) curves), but with an equivalent linear code
(EduSHAKE), we did the same estimation. The acceleration response at the surface node is plotted in
Figure 10. In this case, the linear equivalent model clearly overdamps the high frequency components
when compared to the signal computed with our model.

V.1.6

CONCLUSIONs

In this paper, a nonlinear viscoelastic model is proposed to approximate the hysteretic behavior of
alluvial deposits. The hyperbolic constitutive law is considered to reproduce the nonlinear elastic
behavior. For the nonlinear viscosity, damping is chosen as a function of strain and meets the causality
requirements.
With this model, we can take into consideration the generation of harmonics (3rd and 5th), as shown in
the nonlinear elastic and nonlinear viscoelastic cases (Figure 4 & Figure 7).
In the general case of real seismograms, a lower deamplification of the high frequency components is
observed with the nonlinear model when compared to the equivalent linear approach.
The interest of this simplified non linear model is to reduce the computational cost for the analysis of
2D site effects in alluvial basins. Furthermore, the characterization of the soil at a large scale is made
easier since it is only necessary to determine the G (γ ) and D(γ ) curves. Considering a hyperbolic
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model, the G (γ ) curve is controlled by only one parameter α possibly quantified by cyclic laboratory
tests. The dissipation properties are directly deduced from the G (γ ) curve knowing 2 other
parameters: β 0 (linear viscosity) & β max (maximum viscosity term).
For site amplification at the geological scale, it will then possible to combine basin effects and non
linear soil response to investigate the interaction of the latter on the edge induced surface waves due to
the former (Bard & Bouchon, 1985, Delépine & Semblat, 2006). In the future, it will be necessary to
make the analysis at the seismological scale including source effects (EGF for instance) to get a
complete strong ground motion analysis from the source to the soil. To do so, it will probably be
necessary to couple various numerical approaches (e.g. FEM/BEM) since 3D analyses may be
required (Dangla et al., 2005).
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V.2

V.2.1

Introduction

Pour étudier les effets de site, il est possible d’utiliser une approche modale (Semblat et al.,
2003) ou bien d’étudier directement la propagation des ondes (Bard et al., 1985). Beaucoup
d’études ont été menées sur le cas 2D. Le cas 3D est actuellement très actif étant donné
l’augmentation des capacités des ordinateurs. Pour étudier la propagation des ondes sismiques
dans les bassins sédimentaires, différentes méthodes ont été proposées (Semblat et al., 2005) :
le développement multipolaire (Sánchez-Sesma, 1983), les éléments finis, les différences
finies, les éléments spectraux (Chaljub et al., 2003), les éléments de frontière (Bonnet, 1999 ;
Dangla et al., 2005)… Le principal avantage de la méthode des éléments de frontière (BEM)
est de ne nécessiter une discrétisation que pour la frontière de l'objet. Toutefois, cette
formulation conduit à un système linéaire dont la matrice est pleine et non symétrique. Les
solveurs itératifs ont alors une complexité en O( N2) en temps et en mémoire. La contrainte de
stockage en mémoire les rend difficiles à appliquer aux systèmes BEM où N > O(104).
Dans d'autres domaines d'application de la BEM tels que l'électromagnétisme ou
l'acoustique, une diminution significative des coûts CPU et mémoire (O(N log2 N)) a été
obtenue grâce à l'utilisation de la méthode multipôle rapide (FMM) (Nishimura, 2002).
Actuellement, il existe très peu d'études publiées sur la FMM en élastodynamique : (Fujiwara,
2000) en domaine fréquentiel et (Takahashi et al., 2003) en domaine temporel. Ce travail se
propose d'étendre la FMM à l'élastodynamique tridimensionnelle en prenant en compte les
avancées récentes faites pour les équations de Maxwell (Darve, 2000).
V.2.2

Méthode des équations intégrales

Soit Ω un solide élastique isotrope, caractérisé par µ (module de cisaillement), ν
(coefficient de Poisson) et ρ (masse volumique). Considérant uniquement le problème dans le
domaine fréquentiel (pulsation ω), le déplacement u est donné, en un point intérieur x ∈ Ω
par la formule de représentation (Bonnet, 1999) :

∫

κ u k (x) = [ti (y )U ik (x, y; ω) − ui (y )Ti k (x, y; ω)]dS y

[1]

∂Ω

où t est le vecteur traction sur la frontière ∂Ω , et Uik(x,y;ω) et Tik(x,y;ω) représentent les
solutions fondamentales de l'élastodynamique (Eringen et al., 1975) :
U i k (x, y; ω) =

1
2

4πk S µ

[(δ qs δ ik − δ qk δ is )
+

Ti k (x, y; ω) = Cijhl

∂
GS (| y − x |)
∂xq

∂ ∂
G P (| y − x |)]
∂xi ∂y k

∂ k
U h (x, y; ω)n j (y )
∂yl

[2]

où Gα (α=S,P) est le noyau de Green de l'espace infini de l'équation de Helmholtz,
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Gα (| y − x |) =

exp(ik α | y − x |)
|y−x|

[3]

kα est le nombre d'onde correspondant aux ondes élastiques P ou S et n(y) est la normale
unité de ∂Ω dirigée vers l'extérieur de Ω.
Lorsque x ∈ ∂Ω , une singularité se produit en y=x. L'utilisation d'un procédé de passage à la
limite dans la représentation intégrale [1] conduit à l'équation intégrale :

∫

cik (x) ui (x) = (P . V .) [ti (y )Ui k (x, y; ω) − ui (y )Ti k (x, y; ω)]dSy

[4]

∂Ω

où (P . V .) correspond à une intégrale au sens des valeurs principales de Cauchy et le terme
libre cik(x) est égal à 0.5δik dans le cas usuel où ∂Ω est régulière en x.
V.2.3

Méthode multipôle rapide : principe

Le principe de la FMM est d'accélérer le calcul du produit matrice-vecteur nécessaire à
chaque itération du solveur itératif. De plus, la matrice du système n'est jamais assemblée, de
sorte à diminuer le coût mémoire. D'une manière générale, la présence du terme Gα(|y-x|) dans
les tenseurs de Green [2] permet de les reformuler en termes de développements en séries
multipôles, analogues à ceux connus en électromagnétisme (Nishimura, 2002 ; Darve, 2000).
Le vecteur position r=y-x peut être décomposé en :
r = ( x 0 − x) + ( y 0 − x 0 ) − ( y 0 − y ) = ~
x + r0 − ~
y,

où x0 et y0 sont deux pôles. L'application du théorème d'addition de Gegenbauer permet
d'expliciter le développement multipôle des fonctions de Green de l'équation de Helmholtz :
~~
~~
exp(ik | y − x |) ik
=
lim L →∞ e ik s .xG L (~s ; ro )e −ik s .y d~s
|y−x|
4π
~

∫

[5]

s ∈S

G L (~s ; ro ) =

∑ (2l + 1)i h
l

l

(1)

(k | ro |) Pl (cos(~s , ro ))

[6]

0≤l ≤ L

où S est la sphère unité de R3 et la fonction de transfert GL est définie en termes des
polynômes de Legendre Pl et des fonctions de Hankel sphériques de première espèce hl(1) .
Ainsi, les variables x et y de l'intégrale sont séparées. Il n'est plus nécessaire de recalculer les
solutions élémentaires pour chaque couple de points sur la frontière de l'objet et, dans
l'intégrale, il est possible de réutiliser les intégrations précédentes selon x . Les solutions
fondamentales de l'élastodynamique [2] peuvent aisément se mettre sous la forme [5] en
remplaçant GL par les fonctions de transfert appropriées : U ik, L,α et T i k, L,α (α=S,P).
La formule [5] n'est valable que si | r − r0 | / | r0 |≤ 2 / 5 (Darve, 2000). De là provient la
nécessité d'introduire une grille 3D cubique de pas d englobant le domaine ∂Ω . La formule
[5] est alors applicable dès que x et y appartiennent à des cellules non adjacentes, les pôles x0
et y0 étant choisis aux centres des cellules. La version mono-niveau de la FMM utilise la
décomposition [5] dès que x et y appartiennent à des cellules non-adjacentes. Les
contributions à calculer ([1] ou [4]) sont de la forme :
I k ( x) =

∫ t (y)U
i

k
i ( x, y; ω) dS y

[7]

∂Ω I C y
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où Cx et Cy sont les cellules de centres respectifs x0 et y0 (utilisés comme pôles de la
décomposition). L'utilisation de la décomposition [5] du noyau de Green dans [2], à L fixé,
conduit à une procédure en trois étapes (α=S,P) :
R iα (~sq ; y 0 ) =

∫ t (y
i

0

+~
y )e

− ikα ~sq . ~
y

(moments multipôles)...... [8]

dS ~y

∂Ω I C y

Lαk (~sq ; x 0 ) = U iα, L, k (~sq ; r0 )R iα (~sq ; y 0 )
ik ik ~s .~x
I kα (x) =
wq α e α q Lαk (~sq ; x 0 )
4π
q

(transfert)...... [9]

∑

(intégration) .. [10]

où ~sq et wq sont les points et poids de quadrature de la sphère unité. Quand les cellules Cx
et Cy sont adjacentes, la méthode traditionnelle ([1] ou [4]) est appliquée.
La méthode multipôle mono-niveau dans le cas de l'élastodynamique a une complexité
optimale en O(N3/2). Cette dernière est obtenue en utilisant O(N3/4) cellules. Il s'agit déjà d'un
gain appréciable par rapport à la BEM classique mais l'algorithme multi-niveaux permet
d'obtenir de meilleurs résultats.
Pour pouvoir utiliser le plus souvent le calcul FMM, les calculs effectués au moyen des
méthodes de la BEM classique doivent être confinés aux régions de l'espace les plus petites.
D'un autre côté, plus les cellules sont grandes, plus les calculs FMM sont rapides.
L'introduction de différents niveaux de grilles est la clé de la FMM multi-niveaux, reposant
sur une division de chaque cellule en 8 cellules plus petites. De nouvelles paires de cellules
non-adjacentes sont ainsi créées sur lesquelles la FMM, non applicable au niveau précédent,
peut être utilisée. Ainsi, les calculs non-FMM sont limités aux cellules adjacentes au plus
profond niveau de subdivision.
Pour une précision donnée, le paramètre de troncature L de la fonction de transfert [9] et le
nombre de points de quadrature ~sq dans [8], [9] et [10] dépendent du niveau de subdivision,
et augmentent avec le rapport entre taille de la cellule et longueur d'onde. De ce fait, la
complexité théorique de la méthode multipôle rapide multi-niveaux est de l'ordre de O(N log2
N) par itération en temps CPU et en mémoire (quelque peu supérieure à la complexité O(N)
de la méthode en statique où le paramètre de troncature ne dépend pas du nombre de
niveaux).
V.2.4

Méthode Multipôle rapide : efficacité et précision

Cavité sphérique sous pression uniforme
Une cavité sphérique de rayon R placée dans un espace infini élastique isotrope (ν=0.25)
est soumise à une pression interne uniforme P. La solution analytique de ce problème est
connue (Eringen et al., 1975). La qualité de la solution numérique FMM est évaluée au
moyen de l'erreur relative en moyenne quadratique. La Table 1 montre la précision de la
FMM pour différentes valeurs de fréquences normalisées ( η P = k P R / π ). Ces résultats
montrent également que la précision se déteriore si le nombre de points du maillage par
longueur d'onde S est inférieur à 8. Ainsi, les autres résultats présentés utilisent des maillages
choisis de façon à comporter au moins 10 noeuds par longueur d'onde S. Pour terminer, la
complexité en temps CPU calculée théoriquement est validée numériquement pour la BEM
classique, la FMM mono-niveau et la FMM multi-niveaux, sur la figure 1.
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ηP

0.50

1.00

2.00

16

8

4

0.006

0.00
6

0.021

Domaine R < r < 0.006
3R

0.00
8

0.031

Nb nœuds/λS
Cavité r=R

Table 1. Erreur relative en moyenne quadratique sur la cavité et dans le domaine

Figure 1. Complexités théoriques et numériques des différentes méthodes

Diffraction d’une onde plane P incidente par un canyon hémisphérique
La diffraction d'une onde P plane verticale incidente par un canyon hémi-sphérique de
rayon R dans un demi-espace élastique (ν=0.25) est maintenant considérée. Il s'agit d'une
configuration simplifiée d'effet de site topographique en sismologie. La surface
hémisphérique du canyon et la portion de surface libre attenante sont incluses dans un disque
de rayon L>R et sont discrétisées par éléments de frontière. Ce problème a déjà été étudié par
(Sánchez-Sesma, 1983) de manière semi-analytique pour des fréquences normalisées ηP
inférieures à 1.5 (L=3R). Grâce à la FMM multi-niveaux, un calcul pour une fréquence
normalisée de 5 a pu être effectué (Figure 3) (N=287 946, 5mn par itération et 86 iterations
sur un PC mono-processeur avec une fréquence CPU de 3.40 Hz et 3Go de RAM). Ce calcul
met en avant le fait que, pour la configuration classique (L=3R) donnée dans la littérature, la
partie discrétisée de la surface libre est trop petite, des oscillations apparaissant pour r/R ≥ 2.
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Figure 2. Comparaison des résultats de (Sánchez-Sesma, 1983) avec les résultats par la
FMM

Figure 3. Résultats par la FMM pour une fréquence adimensionnelle de 5

V.2.5

Conclusions

Dans ce papier, la FMM a été étendue à l'élastodynamique 3D en domaine fréquentiel.
Combinée à la formulation BEM, elle permet de réduire les coûts en termes de temps CPU et
mémoire pour l'étude de la propagation des ondes, et permet de traiter des problèmes de taille
au moins N=O(106). Des comparaisons avec des solutions analytiques montrent la précision
de la méthode. De plus, les temps CPU relevés sont cohérents avec les estimations théoriques
de la complexité.
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VI

Numerical methods : synthetic description

This section gives synthetic descriptions of the various numerical methods considered in
the project. They are presented for each partner.
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ANR-QSHA Project : WP3- Ground motion simulation – Partner 1
Type/name of method: FDTD - Finite-Difference Method in the Time Domain
Contributors(labs): V. Cruz-Atienza (Géosciences Azur, now at SDSU), J. Virieux
(Géosciences Azur), Martin Vallée (Géosciences Azur),
Basic principle & improvements:
Principles : Finite Differences, Rectangular grid, Centered 2nd or 4th order derivatives,
Leap-frog time-scheme, Mixed grid operators, Weak formulation of boundary
conditions through medium properties variations, 30 pts/wavelength for accurate free
surface modelling, PML conditions using splitted fields only in the PML zone.
Improvements : Domain decomposition and local time stepping, no parallel solver
expected in this software
Features:
Source: Explosive source, Double couple source
Propagation (S, P, S+P): S+P
Coupled methods: none at the present stage
1D/2D/2.5D/3D : 3D
Time/frequency: time-domain
Direct/iterative: direct (explicit in time)
Elements size (fraction of λ): 1/30 in FDTD when considering free surface effects,
1/10 when considering internal medium variations
Model size (nb of λ): typically 40 km x 40 km x 30 km (20 Go, 150 hours for 50 sec
of simulation), typical distance between 50 and 150 wavelengths.
Free-surface topography: Yes
Heterogeneity: Yes
Anisotropy: No
Material behav. (lin., NL, eq.lin): linear
Damping (NCQ, rheol.): implemented but not yet validated
Main references
1.
Berenger, J. P., 1994, A perfectly matched layer for the absorption of electromagnetic waves:
J. Computational Physics, 114, 185–200.
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Bohlen, T. and E. H. Saenger, 2006, Accuracy of heterogeneous staggered-grid finitedifference modeling of rayleigh waves: Geophysics, 71, 109–115.
3.
Collino, F. and C. Tsogka, 2001, Application of the perfectly matched absorbing layer model
to the linear elastodynamic problem in anisotropic heterogeneous media: Geophysics, 66, 294–307.
4.
Cruz-Atienza, V. M. and J. Virieux, 2004, Dynamic rupture simulation of non-planar faults
with a finite-difference approach: Geophys. J. Int., 158, 939–954.
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Cruz-Atienza, V. M., 2006, Rupture dynamique des faille non-planaires en différences finies:
Thèse de Doctorat, Université de Nice Sophia - Antipolis, France.
6.
Cruz-Atienza, V. M., J. Virieux and H. Aochi, 2007, 3D Finite-Difference Dynamic-Rupture
Modelling Along Non-Planar Faults, accepted to Geophysics.
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Saenger, E. H. and T. Bohlen, 2004, Finite-difference modelling of viscoelastic and
anisotropic wave propagation using the rotated staggered grid: Geophysics, 69, 583–591.
8.
Saenger, E. H., N. Gold, and S. A. Shapiro, 2000, Modeling the propagation of elastic waves
using a modified finite-difference grid: Wave Motion, 31, 77–92.
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Virieux, J., 1986, P-SV wave propagation in heterogeneous media, velocity-stress finite
difference method: Geophysics, 51, 889-901.
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ANR-QSHA Project : WP3- Ground motion simulation – Partner 1
Type/name of method: FVTD - Finite-Volume Method in the Time Domain
Contributors(labs): N. Glinsky-Olivier (Cermics/INRIA), S. Lanteri (INRIA), M.
Benjemaa (INRIA), S. Piperno (Cermics/INRIA), J. Virieux (GeoSciences Azur),
Basic principle & improvements:
Principles : Finite Volumes, Unstructured grids, Centered numerical fluxes, Leap-frog
time-scheme, Energy conservation, Weak treatment of boundary conditions (free
surface, ABC, dynamic rupture)
Improvements : extension using Discontinuous Galerkin Finite Elements, parallel
solver in development
Features:
Source/propagation (S, P, S+P): S+P
Coupled methods: coupling with PML, possible coupling with FETD and FDTD
method
1D/2D/2.5D/3D : 2D (3D parallel solver under development)
Time/frequency: time-domain
Direct/iterative: direct (explicit in time)
Elements size (fraction of λ): 1/12 in FVTD (less in DGTD)
Model size (nb of λ):
Free-surface topography: Yes
Heterogeneity: Yes
Anisotropy: Yes (future)
Material behav. (lin., NL, eq.lin): linear
Damping (NCQ, rheol.): none (possible)
Main references
1. M. BEN JEMAA, Étude et résolution de la rupture sismique par une méthode volumes finis dans un
milieu bidimensionnel hétérogène, research report INRIA 5332, 2004.
2. L. FEZOUI, S. LANTERI, S. LOHRENGEL, S. PIPERNO, Convergence and Stability of a
Discontinuous Galerkin Time-Domain method for the 3D heterogeneous Maxwell equations on
unstructured meshes, M2AN, Vol. 39 No. 6, pp. 1149-1176, 2005.
3. M. BEN JEMAA, N. GLINSKY-OLIVIER, V.M. CRUZ-ATIENZA, J. VIRIEUX, S. PIPERNO,
Dynamic non-planar crack rupture by a finite volume method, EGU General Assembly 2006, Vienna,
Austria, April 2-7, 2006.
4. N. GLINSKY-OLIVIER, M. BENJEMAA, S. PIPERNO, J. VIRIEUX, A finite-volume method for the
2D seismic wave propagation,< EGU General Assembly 2006, Vienna, Austria, April 2-7, 2006.
5. M. BEN JEMAA, N. GLINSKY-OLIVIER, V.M. CRUZ-ATIENZA, S. PIPERNO, J. VIRIEUX,
Dynamic non-planar crack rupture by a finite volume method, submitted for publication to Geophys. J.
Int., 2006.
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ANR-QSHA Project : WP3- Ground motion simulation – Partner 2
Type/name of method: HLSETD – Hexahedral Legendre Spectral Element Method
in the Time Domain
Contributors (labs): E. Chaljub (LGIT) in collaboration with D. Komatitsch (Univ.
Pau)
Basic principle & improvements:
Principles: Hexahedra-based finite element method based on tensorized basis of
high-order polynomials defined as Lagrange interpolants of Gauss-Lobatto-Legendre
integration points.
Improvements: No improvement done so far in QSHA project, except implementation
on realistic 3D cases (Grenoble). Solid-fluid coupling may be improved for the case of
Nice.
Features:
Source/propagation (S, P, S+P): S+P
Coupled methods: possible coupling with PML, possible coupling with FETD
method
1D/2D/2.5D/3D: 3D
Time/frequency: time-domain
Direct/iterative: direct (explicit in time, diagonal mass matrix)
Elements size (fraction of λ): 1 (with polynomial degree N=4-5)
Model size (nb of λ): 200
Free-surface topography: Yes
Heterogeneity: Yes
Anisotropy: Yes
Material behav. (lin., NL, eq.lin): linear
Damping (NCQ, rheol.): Superposition of Standard Linear Solids, implementation
through memory variables.
Code availability:
http://www.geodynamics.org/cig/software/packages/seismo/specfem3d-basin/
Main references
1. D. Komatitsch & J.-P. Vilotte, The Spectral Element Method: An efficient tool to simulate the seismic
response of 2D and 3D geological structures, BSSA, 88 (2), p.368-392,1998.
2. D. Komatitsch & J. Tromp, Introduction to the Spectral Element Method for Three-Dimensional
Seismic Wave Propagation, GJI, 139, p.806-822, 1999.
3. E. Chaljub, D. Komatitsch, J.-P. Vilotte, Y. Capdeville, B. Valette & G. Festa, Spectral Element
Analysis in Seismology, in Advances in Wave Propagation in Heterogeneous Media, edited by RuShan Wu and Valérie Maupin, Advances in Geophysics, Elsevier, vol. 48, p365-419, 2007.
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ANR-QSHA Project : WP3- Ground motion simulation – Partner 3
Type/name of method: FDM – Finite Difference Method
Contributors (labs): H. Aochi(ENS Paris/BRGM), F. Dupros (BRGM)
Basic principle & improvements:
Principles : Typical Finite difference scheme, staggered grids, 2nd and 4th order in
space, 2nd in time, PML absorbing condition, Attenuation, Source description. Parallel
computing using MPI or OpenMP.
Improvements : The code has not been developed within the QSHA project. No
improvement is planned during the project
Features:
Source/propagation (S, P, S+P): P
Coupled methods: coupling with BIEM and FEM.
1D/2D/2.5D/3D : 3D
Time/frequency: time-domain
Direct/iterative: direct (explicit in time)
Elements size (fraction of λ): 1/5 for 4th order, 1/10 for 2nd order
Model size (nb of λ):
Free-surface topography: Yes
Heterogeneity: Yes
Anisotropy: No
Material behav. (lin., NL, eq.lin): linear
Damping (NCQ, rheol.): yes
Main references
1. Virieux, J. and R. Madariaga (1982), Dynamic faulting studied by a finite difference method, Bull.
Seime. Soc. Am., 72, 345-369.
2. Levander, A. R. (1988), Fourth-order finite-difference P-SV seismograms, Geophysics, 53, 14251436.
3. Graves, R.W. (1996), Simulating seismic wave propagation in 3D elastic media using staggeredgrid finite differences, Bull. Seism. Soc. Am., 86, 1091-1106.
4. Collino, F. and C. Tsogka (2001), Application of the perfectly matched absorbing layer model to the
linear elastodynamic problem in anisotropic heterogeneous media, Geophysics, 66, 294-307.
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ANR-QSHA Project : WP3- Ground motion simulation – Partner 3
Type/name of method: FEM – Finite Element Method
Contributors (labs): BRGM & ECP
Basic principle & improvements:
Principles : Explicit/implicit FEM schemes, structured/unstructured meshings, 2nd
order in space and time, paraxial approximation (0th and 1st orders) for absorbing
boundaries, linear and nonlinear constitutive models. Parallel computing using MPI or
OpenMP.
Improvements : The code has not been developed within the QSHA project. No
improvement is planned during the project.
Features:
Source/propagation (S, P, S+P): S+P
Coupled methods: coupling with BIEM and FDM.
1D/2D/2.5D/3D : 1D/2D/2.5D/3D
Time/frequency: time-domain
Direct/iterative: direct/iterative
Elements size (fraction of λ): 1/10
Model size (nb of λ):
Free-surface topography: Yes
Heterogeneity: Yes
Anisotropy: Yes
Material behaviours (lin., NL, eq.lin): linear (elastic, viscoelastic) and nonlinear
(elastoplastic, viscoplastic) constitutive models
Damping (NCQ, rheol.): rheol.
Main references
Modaressi, H. (1987) - “Modélisation numérique de la propagation des ondes dans les milieux poreux
anélastiques”, PH.D. Thesis, École Centrale Paris, Châtenay Malabry, France (in French).
Aubry, D., Modaressi, A., and Modaressi, H. (1990) – “A Constitutive Model for Cyclic Behaviour of
Interfaces with Variable Dilatancy”, Computers and Geotechnics, 9, pp. 47-58.
Aubry, D., and Modaressi, H. (1992) – “Seismic Wave Propagation in Soils Including Non-linear and
Pore Pressure Effects”, Recent Advances in Earthquake Engineering and Structural Dynamics, Ed.
V.E. Davidovici, Ouest Editions, pp. 209-224.
Modaressi, H., and Benzenati, I. (1994) – “Paraxial Approximation for Poroelastic Media”, Journal of
Earthquake Engineering and Soil Dynamics, 13, pp. 117-129.
Aubry, D., Modaressi, A. (1996) - “Manuel scientifique GEFDYN”, École Centrale Paris, Châtenay
Malabry, France (in French).
Aochi, H., Seyedi, M., Douglas, J., Foerster, E., and Modaressi, H. (2005) – “A complete BIEM-FDMFEM simulation of an earthquake scenario – dynamic rupture process, seismic wave propagation and
site effects”, General Assembly of the European Geosciences Union.
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ANR-QSHA Project : WP3- Ground motion simulation – Partner 4
Type/name of method: Mka3D – discrete element method
Contributors(labs): C. Mariotti (CEA/DAM/DIF/DASE/LDG)
Basic principle & improvements:
Principles : Discrete element method, Unstructured grids, VoronoÏ particles, Energy
conservation, parallel MPI, Non Linear
Features:
Source/propagation (S, P, S+P): S+P
Coupled methods: coupling with a Spectral Element Method in development
1D/2D/2.5D/3D : 2D, 2.5 D and 3D
Time/frequency: time-domain
Direct/iterative: direct (explicit in time)
Elements size (fraction of λ): 1/10
Model size (nb of λ):
Free-surface topography: Yes
Heterogeneity: Yes
Anisotropy:
Material behav. (lin., NL, eq.lin): NL
Damping (NCQ, rheol.): in development
Main references
1-

C. Mariotti, Lamb’s problem with the lattice model Mka3D. submitted to Geophysical Journal
International.

ème

2- C. Mariotti, F. Lepiver Approche sismique par la méthode des éléments discrets. 7

Colloque National AFPS 2007 – Ecole Centrale Paris
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ANR-QSHA Project : WP3- Ground motion simulation – Partner 5
Type/name of method: BEFD - Boundary-Element Method in the Frequency
Domain
Contributors (labs): Stéphanie Chaillat (LCPC/LMS), Marc Bonnet (LMS-X), JeanFrançois Semblat (LCPC), Patrick Dangla (LCPC)
Basic principle & improvements:
Principles : Boundary Integral Equation Methods, Boundary Element Method
Improvements : Fast Multipole Method (FMM), Multi-level Formulation
Features:
Source/propagation (S, P, S+P): P
Coupled methods: possible coupling with FETD and FDTD method
1D/2D/2.5D/3D : 2D/3D
Time/frequency: frequency-domain
Direct/iterative: direct (classical BEM formulation) or iterative (FMM)
Elements size (fraction of λ): 1/8
Model size (nb of λ): several 10λ
Free-surface topography: Yes
Heterogeneity: Yes (coupled homogeneous domains)
Anisotropy: no
Material behav. (lin., NL, eq.lin): linear
Damping (NCQ, rheol.): Zener’s model (3 parameters standard solid)
Main references
1. Chaillat S., Bonnet M., Semblat J-F, A Fast Multipole Method formulation for 3D elastodynamics in
the frequency domain, CR Mécanique, 2007 (soumis/submitted).
2. Chaillat S., Bonnet M., Semblat J-F, Méthode multipôle rapide pour les éléments de frontière en
élastodynamique tridimensionnelle. Application à la propagation d’ondes sismiques, 18ème
Congrès Français de Mécanique, Grenoble, 27-31 août 2007.
3. Chaillat S., Bonnet M., Semblat J-F, A fast multipole accelerated BEM for 3-D seismic wave
computation, Computational Methods in Structural Dynamics and Earthquake Engineering
(COMPDYN 2007), 13-16 June 2007, Rethymno, Crete, Greece.
4. Chaillat S., Bonnet M., Semblat J-F, A new fast BEM approach to model site effects in alluvial
basins, 4th International Conference on Earthquake Geotechnical Engineering, Thessaloniki,
Greece, June 25-28, 2007.
5. Dangla P., Semblat J.F., Xiao H.H., Delépine N., A simple and efficient regularization method for
3D BEM: application to frequency-domain elastodynamics, Bulletin of the Seismological Society of
America, vol.95, No 5, pp. 1916-1927, 2005.
6. Delépine N., Semblat J.F., Site effects in a deep alpine valley for various seismic sources, 3rd Int.
Symp. on the Effects of Surface Geology on Seismic Motion (ESG2006), University of Grenoble,
sept. 2006.
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ANR-QSHA Project : WP3- Ground motion simulation – Partner 5
Type/name of method: FETD - Finite-Element Method in the Time Domain
Contributors (labs): Nicolas Delépine (LCPC), Guy Bonnet (Univ.Marne-la-Vallée),
Jean-François Semblat (LCPC), Luca Lenti (LCPC/IRSN), Fabian Bonilla (IRSN)
Basic principle & improvements:
Principles : Finite Element Method, wave propagation, α-HHT scheme, non linear
constitutive laws
Improvements : nonlinear viscoelastic model (extension of NCQ formulation),
multispring model
Features:
Source/propagation (S, P, S+P): P
Coupled methods: possible coupling with FDTD and BEFD methods
1D/2D/2.5D/3D : firstly 1D and afterwards 2D/3D
Time/frequency: time-domain
Direct/iterative: direct (implicit or explicit in time)
Elements size (fraction of λ): 1/10
Model size (nb of λ):
Free-surface topography: Yes
Heterogeneity: Yes
Anisotropy: not yet (possible)
Material behav. (lin., NL, eq.lin): nonlinear
Damping (NCQ, rheol.): yes (extended NCQ or cyclic)
Main references
7. Delépine N., Bonnet G., Semblat J-F, Lenti L., A simplified non linear model to analyze site effects
in alluvial deposits, 4th International Conference on Earthquake Geotechnical Engineering,
Thessaloniki, Greece, June 25-28, 2007.
8. Delépine N., Bonnet G., Lenti L., Semblat J-F, Nonlinear viscoelastic wave propagation: an
extension of Nearly Constant Q models, Journal of Engineering Mechanics (ASCE), 2007
(soumis/submitted).
9. Bonilla, L.F., Archuleta, R.J. & Lavallée, D., hysteretic and Dilatant Behavior of Cohesionless Soils
and Their Effects on nonlinear Site Response : Field Data Observations and Modeling, Bulletin of
the Seismological Society of America, vol.95, No 6, pp. 2373-2395, 2005.
10.Heitz, J.F., Propagation d’ondes en milieu non linéaire. Applications à la reconnaissance des sols
et au génie parasismique. Thèse de Doctorat, Université Joseph Fourier, Grenoble, 1992.
11.Iai, S., Morita, T., Kameoka, T., Matsunaga, Y., Abiko, K., Response of a dense sand deposit
during 1993 Kushiro-Oki Earthquake, Soils Found., 35, 115-131, 1995.
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WP3.2
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WP3.3
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WP3-4 – Internal Benchmarking - Nice, Algiers, Naples - (PI: E. Foerster, BRGM)
This task will start in the second semester of 2007, as so far, work was devoted to preparing and
constructing the refined models useful for benchmarking (WP1). The crustal and intermediate 3D
models for the Nice region are now available and a first benchmark can be envisaged during the 2nd
semester of 2007 for the intermediate scale (“Baie des anges” model). The benchmarh on the crustal
scale model will start in 2008.
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WP3-5 – Statistical comparison with real data and other case studies (PI H.
Aochi)
Simulated ground motions usually give a map of some important output parameters such as PGV, but
they have been rarely statistically compared with empirical attenuation laws. Some laws may fit better
and others may not, but there always exists some disturbance due to physical parameters or
uncertainties (source, structure, etc.).
Studying disturbances after each numerical simulation, as well as the validity of the results obtained
from simulations, by comparing with the available data, has been performed by BRGM. This task is
currently waiting for the new refined 3D geomodel of the Nice region (WP1.4), in order to estimate
disturbances due to physical parameters or uncertainties (source, structure, etc.) when statistically
comparing simulated ground motions with empirical attenuation laws. Moreover, following the WP1
meeting in September in Nice, there are still on-going discussions on the Nice model (1D vs. 3D?).
But so far, some simulations have already been performed during 2006:
1. recalculation of the 2001 Nice earthquake (M4.5) using a 1D model provided by Geosciences Azur
(Delouis, personal communication, 2006). The arrival times of the P and S waves are progressively
improved with respect to our previous simulation (Le-Puth, rapport BRGM, 2005).
2. demonstration of the statistical analysis based on the numerical simulation in the Grenoble basin
(benchmark test proposed for ESG2006). [linked to WP4-2].
For the Grenoble basin, comparison between empirical estimation of strong ground motion using
Campbell attenuation laws and numerical PGV predictions against rupture distance, for hypothetical
pure strike-slip earthquake scenarios (Mw 6.0), occurring close to the Grenoble sediment-filled valley,
have shown that disturbances exist (Fig. 3.5.1), which are probably due to the source and to the
structure of the basin [in Aochi et al., ESG2006, Grenoble, France]. Future steps will be to analyze
these effects and thus, to improve predictions [linked to WP4-2].

Fig. 3.5.1: Empirical and numerical estimation of strong ground motion in the Grenoble basin.
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